
PLANAR GRAPH BIPARTIZATION IN LINEAR TIMESAMUEL FIORINI, NADIA HARDY, BRUCE REED, AND ADRIAN VETTAAbstra
t. For ea
h 
onstant k, we present a linear time algorithm that, givena planar graph G, either �nds a minimum odd 
y
le vertex transversal in G orguarantees that there is no transversal of size at most k.1. Introdu
tionAn odd 
y
le transversal (or 
over) is a subset of the verti
es of a graph Gthat hits all the odd 
y
les in G. Clearly the deletion of su
h a vertex set leaves abipartite graph. Thus the problem of �nding an odd 
y
le transversal of minimum
ardinality is just the 
lassi
al graph bipartization problem. Whilst this problem isNP-hard, it was re
ently shown [10℄ that an O(n2) time algorithm does exist whenthe size of an optimal solution is 
onstant. This result is of parti
ular interestgiven that in many pra
ti
al examples, for example in 
omputational biology [11℄,the transversals are typi
ally small.In this paper, we 
onsider the restri
tion of the graph bipartization problem toplanar graphs. As the vertex 
over problem in planar graphs 
an be redu
ed toit, the restri
ted problem is still NP-hard. This and other related vertex and edgedeletion problems in planar graphs have been extensively studied both stru
turallyand algorithmi
ally (see, for example, [8℄, [3℄ and [6℄). Here we give a lineartime algorithm for instan
es with 
onstant sized optimal solutions. The graphproperties of 
onsequen
e in this problem are very di�erent for planar graphsthan for general graphs. By exploiting these properties, we develop an algorithmquite unlike that of [10℄.We 
onsider an embedding of the planar graph G. The parity of a fa
e of Gis de�ned as the parity of the edge set of its boundary, 
ounting bridges twi
e.The 
ru
ial observation is that the parity of a 
y
le in G is equal mod 2 to thesum of the parities of the fa
es within it. In parti
ular, it follows from the 
ru
ialobservation that G is bipartite if and only if all its fa
es are even.When a vertex v is deleted fromG, all the fa
es in
ident to v are merged togetherin a new fa
e F . The other fa
es are un
hanged. We denote the new fa
e by a
apital letter to stress the fa
t that it determines a set of fa
es of G, namely, thefa
es of G in
luded in it. Note that the parity of the new fa
e F equals the summod 2 of the parities of the fa
es of G it 
ontains. Let now W denote any set ofKey words and phrases. planar graph; odd 
y
le; linear time algorithm.Samuel Fiorini is a Fellow of the Fonds de la Re
her
he S
ienti�que.1



2 S. FIORINI, N. HARDY, B. REED, AND A. VETTAverti
es in G. By deleting from G the verti
es in W one after the other in someorder, we see that ea
h fa
e of G�W 
orresponds to a set of fa
e of G (whi
h is asingleton if the 
orresponding fa
e is a fa
e of G that survived in G�W ). A fa
eof G�W is odd pre
isely if it 
ontains an odd number of odd fa
es of G. Be
ausea planar graph is bipartite if and only if all its fa
es are even, we obtain ourKey Fa
t: A set W of verti
es is an odd 
y
le 
over of G pre
isely if every fa
eof G�W 
ontains an even number of odd fa
es of G. �We remind readers that for a given embedding of G, the fa
e-vertex in
iden
egraph of G is the bipartite graph G+ on the verti
es and fa
es of G whose edgesare the pairs fv, where f is a fa
e of G and v is a vertex of G in
ident to f . Inthe next paragraph, we state a useful reformulation of the Key Fa
t in terms ofT -joins in the fa
e-vertex in
iden
e graph. For the graph bipartization problemusing edge deletions, Hadlo
k [4℄ 
onsidered a similar relationship between odd
y
le (edge) transversals and T -joins in the dual graph. He used this to give apolynomial time algorithm for the maximum 
ut problem in planar graphs.Consider any graph H and set of verti
es T in H. A T -join in H is a setof edges J su
h that T equals the set of odd degree verti
es in the subgraph ofH determined by J . There exists a T -join in H if and only if ea
h 
onne
ted
omponent of H 
ontains an even number of verti
es of T . In parti
ular, if Hhas a T -join then jT j is even. Now let T be the set of odd fa
es of the planargraph G. So T is an even set of verti
es in the fa
e-vertex in
iden
e graph G+.Letting F (G) denote the set of fa
es of G, the 
orresponden
e between odd 
y
letransversals and T -joins is as follows.Lemma 1. A subset W of V (G) is an odd 
y
le transversal of G if and only if thesubgraph of G+ indu
ed on W [ F (G) 
ontains a T -join, that is, every 
onne
ted
omponent of the subgraph has an even number of verti
es of T .Proof. The lemma is equivalent to the Key Fa
t be
ause deleting a vertex v fromG
orresponds to 
ontra
ting all the edges in
ident to v in the fa
e-vertex in
iden
egraph G+. �The above lemma is useful be
ause it enables us to visualize odd 
y
le transver-sals of G as forests in the fa
e-vertex in
iden
e graph G+ su
h that ea
h tree of theforest 
ontains an even number of verti
es of T . Indeed, 
onsider an in
lusionwiseminimal odd 
y
le transversal W of G. By Lemma 1, i.e., by the Key Fa
t, thereis a T -join J in G+ 
overing ea
h vertex of W and no vertex of G�W . Withoutloss of generality, we 
an assume that J is in
lusionwise minimal. Then J is aforest and every leaf of J is in T . Note that some verti
es of T 
an be internalnodes. From every vertex v ofW , there are two internally disjoint paths in J fromv to two elements of T .So, letting dmin(v) be the minimum length of a path from v to an odd fa
e inthe fa
e-vertex in
iden
e graph, we see that the Key Fa
t implies:



PLANAR GRAPH BIPARTIZATION IN LINEAR TIME 3Corollary 2. No vertex v of G is in an in
lusionwise minimal odd 
y
le 
over ofsize less than dmin(v). �Thus, letting G0 be the subgraph of G indu
ed by fvjdmin(v) > kg we see thatif G has an odd 
y
le 
over of size at most k then G0 must be bipartite. That is,V (G)� V (G0) is an odd 
y
le 
over. So applying the Key Fa
t to the embeddingof G0 whi
h appears as a sub-embedding of our embedding of G, we obtain:Corollary 3. If G has an odd 
y
le 
over of size at most k then every fa
e of G0
ontains an even number of odd fa
es of G. �We note further that the boundary, bd(F ), of every fa
e F of G0 is disjoint fromthe boundaries of the odd fa
es of G within it by the de�nition of G0 (ex
ept forthe trivial 
ase k = 0). Thus we have:Observation 4. If G has an odd 
y
le 
over of size at most k then there are atmost k fa
es of G0 whi
h 
ontain an odd fa
e of G. �For some r � k, we let fF1; :::; Frg be the set of fa
es of G0 
ontaining an oddfa
e of G and let Gi = G\ (Fi [ bd(Fi)). Applying Corollary 2 again, it is easy toshow:Corollary 5. If G has an odd 
y
le 
over of order at most k then W is a minimumodd 
y
le 
over of G pre
isely if Wi = W \ Gi is a minimum odd 
y
le 
over ofGi for every i between 1 and r.Proof. Consider an odd 
y
le 
over W of G of order at most k. By Corollary 2,Wi is disjoint from the boundary of Fi, and ea
h fa
e of G�W whi
h is not a fa
eof G0 is a fa
e of Gi �Wi for some i. Thus, applying the Key Fa
t to G�W andGi �Wi for ea
h i we see that W is an odd 
y
le 
over of G if and only if Wi isan odd 
y
le 
over of Gi for ea
h i. Sin
e Wi is disjoint from the boundary of Fi,the Wi's are disjoint and the result follows. �It is easy to prove that the fa
e-vertex in
iden
e graph of ea
h Gi has radiusO(k2) and hen
e tree-width (de�ned below) whi
h is O(k2). We show in Se
tion3 that we 
an �nd minimum odd 
y
le transversals in linear time in graphs withbounded tree-width. So if we 
ould �nd all the Gi in linear time then we 
ould
ompute a minimum odd 
y
le 
over for ea
h Gi in linear time and by taking theirunion, �nd a minimum odd 
y
le 
over of G (or determine that G has no odd
y
le 
over of order at most k). This is 
lose to what we do. There is one slightte
hni
al hit
h, we a
tually need to 
onsider a subgraph G00 of G0. We give detailsin the next se
tion.We 
lose this introdu
tory se
tion with some more remarks on related work
on
erning odd 
y
le pa
king and 
overing in planar graphs. Reed [9℄ showed thatthe following Erd�os-P�osa property holds in planar graphs: for any integer k, thereexists an f(k) su
h that G either has an odd 
y
le transversal of size at most f(k)or a pa
king of vertex disjoint odd 
y
les of size at least k+1. For the edge version



4 S. FIORINI, N. HARDY, B. REED, AND A. VETTAof this problem, Kr�al and Voss [7℄ re
ently proved that the Erd�os-P�osa propertyholds for f(k) = 2k, whi
h is a tight result. In 
ontrast, it is easy to show that ingeneral graphs the Erd�os-P�osa property does not hold.2. The AlgorithmOur algorithm works as follows. First obtain an embedding of G in linear time[5℄, and 
onstru
t the fa
e-vertex in
iden
e graph G+. Then �nd a 
olle
tionF = ff1; : : : ; fsg of boundary-disjoint odd fa
es of G whi
h either has k + 1 fa
esor is in
lusion-wise maximal. This part of the algorithm 
an be implemented torun in O(kn) time whi
h is linear as k is �xed.If s = k + 1 then return the information that G has no odd 
y
le transversalof size at most k and stop. Otherwise, let Bi denote the set of fa
es and verti
esof G whose distan
e to fi in G+ is at most k + 1. Determine the sets Bi for alli = 1; : : : ; s via a breadth �rst sear
h in G+. Let G00 be the subgraph of G obtainedby deleting all the verti
es of G in ea
h Bi. We note that G00 is a subgraph of G0be
ause every odd fa
e is in
ident to some fi.Determine the set F1; :::; Fr of fa
es of the embedding of G00 whi
h 
ontain anodd fa
e of G. Note that r � s � k as ea
h Fi 
ontains some fj. We let Dibe the subgraph of G 
ontained in the union of Fi and its boundary. We referto these graphs as dis
s. Now �nd a minimum odd 
y
le transversal Wi in ea
hdis
 Di. Sin
e, as we show below, ea
h dis
 has bounded tree-width, this 
an bea
hieved in linear time using the te
hniques des
ribed in Se
tion 3. Let W bethe union of W1, . . . , Wr. If W has size at most k, then W is a minimum odd
y
le transversal of G; output W . Otherwise, return the information that G hasno odd 
y
le transversal of size at most k. This 
on
ludes the des
ription of thealgorithm.Proposition 6. The algorithm �nds a minimum 
ardinality odd 
y
le transversalif G has an odd 
y
le transversal of size at most k or otherwise dete
ts that nosu
h transversal exists.Proof. The proof of this proposition mimi
s exa
tly the proof of Corollary 5 withG0 repla
ed by G00 and Gi repla
ed by Di. �In Se
tion 3, we will des
ribe how to �nd minimum odd 
y
le transversals ingraphs of bounded tree-width in linear time. Sin
e all of the steps des
ribed in thisse
tion 
an be 
arried out in linear time, Proposition 6 tells us that we will obtaina linear time algorithm for general planar graphs if we 
an show that ea
h dis
has bounded tree-width. This, though, follows simply from the following result.Lemma 7. ([1℄, for a more general result see [12, 13℄) If a planar graph 
ontainsno h� h grid minor, then its tree-width is at most 8h. �
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ause the radius of the fa
e-vertex in
iden
e graph of any planar graph 
on-taining a h � h grid minor is at least h, the pre
eding lemma has the followingimmediate 
orollary:Corollary 8. Let G be a planar graph. If the radius of the fa
e-vertex in
iden
egraph of G is less than h, then the tree-width of G is at most 8h. �Lemma 9. The tree-width of ea
h dis
 is O(k2).Proof. By Corollary 8, it suÆ
es to show that the radius of ea
h dis
 is O(k2).Consider a dis
 Di and let fj denote any member of F whi
h is a fa
e of Di. We
laim that any fa
e of vertex of Di is within a distan
e of at most 2k2 + 3k � 2from fj in the fa
e-vertex in
iden
e graph of Di. Let I be the set of indi
es ` su
hthat f` is a fa
e of Di. Let H denote the graph on I in whi
h two indi
es ` and`0 are adja
ent if there is a path of length at most 2 from an element of B` to anelement of B`0 in G+. Then the distan
e in D+i between any f` with ` 2 I and fj isat most the distan
e in H between ` and j times 2(k+1)+2 = 2k+4. Moreover,for every fa
e or vertex of Di there is an index ` 2 I su
h that the distan
e in D+ibetween the 
onsidered fa
e or vertex and f` is at most k + 2. Be
ause H has atmost k verti
es and is 
onne
ted, the distan
e in D+i between any fa
e or vertexof Di and fj is at most(2k + 4)(k � 1) + k + 2 = 2k2 + 3k � 2:So the 
laim holds and the radius of D+i is at most 2k2 + 3k � 2 = O(k2). �3. Odd Cy
le Transversals in Graphs of Bounded Tree-widthAs we have seen, it suÆ
es to �nd a linear time algorithm for graphs withbounded tree-width. This 
an be done using standard te
hniques; we present su
han algorithm below. Our main result then follows.We begin with the required te
hni
al de�nitions. A tree-de
omposition of G isa pair (T;V), where T is a tree and V = (Vt � V (G) : t 2 V (T )) is a family ofsubsets of V (G) with the following properties:(1) S(Vt : t 2 V (T )) = V (G).(2) For ea
h edge e 2 E(G) there is a t 2 V (T ) su
h that both endpoints of eare in Vt.(3) For t0, t1 and t2 in 2 V (T ), if t0 is on the path of T between t1 and t2,then Vt1 \ Vt2 � Vt0 .The width of the tree-de
omposition (T;V) is de�ned as maxt2V (T )(jVtj � 1). Thetree-width of a graph G is the minimum w su
h that G has a tree-de
ompositionof width w. It is well known that there are minimum tree de
ompositions of Gthat use at most n nodes. Moreover, we 
an easily 
onvert a tree de
omposition(T;V) to another (T 0;V 0) of the same width, su
h that T 0 is a binary tree with atmost twi
e as many nodes as T . Let G be a graph with bounded tree-width !� 1



6 S. FIORINI, N. HARDY, B. REED, AND A. VETTAand let (T;V) be a binary minimum tree-de
omposition of G. We denote by t thenodes of T and by Vt the subset of V (G) assigned to t. We have that jVtj � ! forall t 2 T . Pi
k an arbitrary root node t� 2 T . Then, given a node t 2 T we let Stbe the subtree of T rooted at t. From (2) we may assign to ea
h edge e = (u; v)of G a spe
i�
 node t(e) 2 T for whi
h u; v 2 Vt. Thus, for ea
h t 2 T there is anasso
iated edge set Et � E(G). Hen
e, we may de�ne the graphs G(t) = (Vt; Et)and G(St) = (St02St Vt0 ;St02St Et0).We asso
iate with ea
h node t 2 T a set At of all the ordered triplets �t =(Lt; Rt;Wt) where Lt, Rt and Wt form a vertex partition of Vt. Clearly jAtj is atmost 3!. Our algorithm will work up from the leaves maintaining the propertythat for ea
h partition �t we (impli
itly) store a minimum odd 
y
le transversalŴt in G(St) that is a

ordant with the partition. That is, Wt � Ŵt and Lt and Rtare on opposites sides of the bipartition in G(St)� Ŵt. If su
h a transversal existsthen we will set f(�t) = jŴtj; otherwise if there is no su
h a

ordant transversalthen we set f(�t) = 1. Hen
e, for a leaf t 2 T we have f(�t) = jWtj if Lt andRt both indu
e stable sets in Et. Otherwise f(�t) = 1. Now take a non-leafnode t 2 T with 
hildren r and s. If Lt or Rt indu
e an edge in Et then weset f(�t) = 1. So suppose not. We say that a partition �r = (Lr; Rr;Wr) inAr is 
onsistent with a partition �t = (Lt; Rt;Wt) in At if Wt \ V (Sr) � Wr,Lt \ V (Sr) � Lr and Rt \ V (Sr) � Rr. We use the notation �r � �t to denote
onsisten
y. Note, by property (3), that if �r and �s are both 
onsistent with �tthen they are 
onsistent with ea
h other. Then setf(�t) = min�r��t;�s��t f(�r) + f(�s) + jWt � (Wr [Ws)j � jWr \WsjNote that it may still be the 
ase that f(�t) =1. We repeat this pro
ess up thetree. Observe that, by storing pointers from a partition �t to the partitions �0rand �0s in its 
hildren that produ
ed the minimum value f(�t), we may impli
itlystore the set Ŵt. We then obtain the following result.Lemma 10. For ea
h �t, either f(�t) is the size of the minimum odd 
y
letransversal in G(St) a

ordant with the partition �t, or f(�t) = 1 and no su
ha transversal exists.Proof. This is 
learly true if t is a leaf. So let t 2 T be a non-leaf with 
hildrenr and s. Take �t and assume �rst that f(�t) is �nite. Next take 
onsistentpartitions �r and �s with optimal transversals Ŵr and Ŵs, respe
tively. Then,sin
e Ŵr and Ŵs are a

ordant with �r and �s, by property (3) we have thatWt � (Ŵr [ Ŵs) = Wt � (Wr [Ws). Thus, in obtaining Ŵt we only need to addthe verti
es inWt� (Wr[Ws). Moreover any vertex inWr\Ws is double 
ountedby f(�r)+ f(�s). Thus f(�t) is in fa
t the size of a transversal in G(t) a

ordantwith �t. Therefore, sin
e we are examining all 
onsistent pairs of partitions forthe 
hildren, it is 
lear that f(�t) is the size of a minimum odd 
y
le transversal
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ordant with the partition �t. Now suppose f(�t) = 1 and thatthere is a transversal W for G(St) a

ordant with �t. Then, for all pairs ofpartitions �r and �s that are 
onsistent with �t, at least one of f(�r) or f(�s)is in�nite. We obtain a 
ontradi
tion as the restri
tions of W to G(Sr) and G(Ss)give odd 
y
le transversals for these subgraphs that are a

ordant with �r and�s, respe
tively. � �It immediately follows that the minimum transversal 
an be found by 
onsid-ering the partition �t� with the minimum f value. We may obtain a binarytree-de
omposition in linear time [2℄. For ea
h node in the tree we have O(3!)partitions. It takes O(jEtj) time to 
he
k whether Lt or Rt indu
e stable sets inG(t). There are then O(9!) possible pairs of partitions for the 
hildren. Thusit takes O(!9!) time to 
he
k for 
onsisten
ies and to 
al
ulate f(�t). In total,therefore the algorithm runs in time O(!33!n). Thus we have proven Theorem 11and Corollary 12.Theorem 11. Let G be a graph with bounded tree-width. Then there is an lineartime algorithm to �nd a minimum odd 
y
le transversal in G. �Corollary 12. In a planar graph, for any 
onstant k, there is an O(n) timealgorithm to �nd a minimum odd 
y
le transversal of 
ardinality at most k ordetermine that no su
h transversal exists. �Referen
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