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aAbstra
t. We study the ratio between the minimum size of an odd 
y
levertex transversal and the maximum size of a 
olle
tion of vertex-disjointodd 
y
les in a planar graph. We show that this ratio is at most 10. Forthe 
orresponding edge version of this problem, Kr�al and Voss [8℄ re
entlyproved that this ratio is at most 2; we also give a short proof of theirresult.1 Introdu
tionA set of verti
es of a graph G is an odd 
y
le (vertex) transversal (or 
over) ifits removal makes G bipartite. An odd 
y
le (vertex) pa
king in G is a 
olle
tionof vertex-disjoint odd 
y
les in G. Let � and � respe
tively denote the minimumsize of an odd 
y
le transversal and the maximum size of an odd 
y
le pa
king.Clearly we have � � � . Our main result is to show that � � 10� for all planargraphs G. For general graphs, it is known that � is not bounded by any fun
tionof �. In other words, odd 
y
les do not satisfy the Erd�os-P�osa property. In fa
t,there are graphs known as Es
her walls [11℄ for whi
h � = 1 and � is arbitrarilylarge. In [11℄, Reed proved that the Erd�os-P�osa property holds for odd 
y
les ingraphs without Es
her wall of height h, for any �xed h � 3. Sin
e planar graphsdo not 
ontain any Es
her wall, there exists a fun
tion f su
h that � � f(�) forall planar graphs G. However, the fun
tion f impli
it in [11℄ is huge. A similartype of result in this area applies to highly 
onne
ted graphs G. Thomassen[16℄ proved that � � 2� for 239� -
onne
ted graphs. Reed and Rautenba
h [10℄generalised this to 576�-
onne
ted graphs.The minimum odd 
y
le transversal (
over) problem and maximum odd 
y
lepa
king problem are both NP-hard [7℄. These problems 
an be formulated asinteger programs whose linear program relaxations are duals. Letting V denotethe vertex set of G and O denote the set of odd 
y
les in G, these dual LPs are:? Fellow of the \Fonds de la Re
her
he S
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2Covering LP: min Pv2V yvPv:v2C yv � 1 8C 2 Oyv � 0 8v 2 V Pa
king LP: max PC2O xCPC:v2C xC � 1 8v 2 VxC � 0 8C 2 OGoemans and Williamson [5℄ gave a 
onstant fa
tor approximation algorithm forthe minimum odd 
y
le transversal problem in planar graphs using the primal-dual method. In doing so they proved that the integrality gap of the 
overingLP is at most 94 . They 
onje
ture that it is a
tually 32 . Our results show thatthe integrality gap of the pa
king LP is bounded by a 
onstant. In addition, ourstru
tural result generates a polynomial time 10-approximation algorithm forthe maximum odd 
y
le pa
king problem in planar graphs.We remark that there are 
orresponding edge versions of these 
overing andpa
king problems. Re
ently, Kr�al and Voss [8℄ showed that the minimum size ofan odd 
y
le edge transversal in a planar graph is at most twi
e the maximumsize of an odd 
y
le edge pa
king. We also give a short proof of their result.We 
on
lude this introdu
tory se
tion with an overview of the paper. At theheart of this work lies a 
onne
tion between odd 
y
le transversals and T -joins ina 
ertain auxiliary graph. In parti
ular, T will 
orrespond to the set of odd fa
esof G. In the vertex 
ase the auxiliary graph we need to 
onsider is the fa
e-vertexin
iden
e graph G+. Spe
i�
ally, we show that minimum vertex transversals
orrespond to T -joins in G+ 
overing the least number of verti
es of G. In theedge 
ase the auxiliary graph is the dual graph G�. Here minimum transversals
orrespond to T -joins in G� with the least number of edges. This relationshipwas �rst used by Hadlo
k [6℄ to derive a polynomial time algorithm for themaximum 
ut problem in planar graphs. We present the ne
essary ba
kgroundon T -joins and T -
uts in Se
tion 2.1 and des
ribe the 
onne
tion between odd
y
le transversals and T -joins in Se
tion 2.2 for the edge 
ase and in Se
tion 2.3for the vertex 
ase.In Se
tion 3, we present our proof that a minimum edge transversal has sizeat most twi
e the size of a maximum odd 
y
le edge pa
king. This proof, as withthe proof of Kr�al and Voss, requires the use of the Four Colour Theorem. Weuse it to show that any laminar 2-pa
king (de�ned below) of k odd 
y
les in G
ontains 14k edge-disjoint odd 
y
les. A result by Lov�asz on T -joins and T -
utsthen guarantees the existen
e of a 2-pa
king whose size is twi
e the minimumsize of an odd 
y
le edge transversal. This gives the result.To prove our main result we begin by 
onsidering three spe
ial 
lasses ofplanar graph. In Se
tion 4.1 we 
onsider graphs in whi
h every pair of oddfa
es interse
t. In Se
tion 4.2 we 
onsider 4-
onne
ted graphs su
h that some(possibly even) fa
e interse
ts every odd fa
e. Finally in Se
tion 4.3 we examinegraphs in whi
h every pair of odd fa
es is \far" apart. In all of these 
lassesof graph we show that � � 2�. The proof of our main result, given in Se
tion5, 
ombines the te
hniques developed for these spe
ial 
ases. We let G be aminimum 
ounterexample to the theorem. We take a minimum 
olle
tion of



3fa
es of G, whi
h we 
all 
enters, su
h that every odd fa
e of G interse
ts somefa
e of the 
olle
tion. Then we show that G must be 4-
onne
ted with all its
enters \far" apart. Next, using the te
hniques of Se
tion 4.2 we �nd a \lo
al"transversal around ea
h 
enter. At the same time, we �nd a pa
king of odd fa
esaround ea
h 
enter. Sin
e the 
enters are \far" apart the union of these pa
kingsis also a pa
king. We 
all this union the lo
al pa
king. The results of Se
tion4.3 allow us to extend the \lo
al" transversals to a transversal of the wholegraph. Asso
iated with this transversal we �nd a di�erent pa
king of odd 
y
les,whi
h we 
all the global pa
king. The size of the transversal we obtain is withina 
onstant fa
tor of the size of the largest of the lo
al pa
king and the globalpa
king. Our main result then follows.2 T -Joins and Odd Cy
le TransversalsIn this se
tion we show how minimum odd 
y
le edge and vertex transversalsof a plane graph G relate to T -joins in the dual graph and fa
e-vertex in
iden
egraph of G, respe
tively. First, we give some ba
kground on T -joins along withtwo min-max results that we will need.2.1 Ba
kgroundConsider any graph H and set of verti
es T in H . A T -join in H is a set ofedges J su
h that T equals the set of odd degree verti
es in the subgraph ofH determined by J . There exists a T -join in H if and only if ea
h 
onne
ted
omponent of H 
ontains an even number of verti
es of T . In parti
ular, if H hasa T -join then jT j is even. A T -
ut in H is a 
ut having an odd number of verti
esof T on ea
h side. In other words, whenever a set of verti
es X 
ontains an oddnumber of verti
es of T , the 
ut Æ(X) = fxy 2 E(H) : x 2 X; y =2 Xg is a T -
ut.The length of a T -join is the number of edges it 
ontains. A pa
king of T -
uts isa 
olle
tion of edge-disjoint T -
uts. Be
ause every T -join interse
ts every T -
ut,the minimum length of a T -join in H is at least the maximum size of a pa
kingof T -
uts in H . In fa
t, equality holds for bipartite graphs, see Proposition 1below.Two sets X and Y of verti
es of H are said to be laminar if either X � Y orY � X or X \ Y = ?. The sets X and Y are 
ross-free when they are laminaror X [ Y = V (H). A 
olle
tion of subsets of V (H) is said to be laminar (resp.
ross-free) if any two of its members are laminar (resp. 
ross-free). Consider a
olle
tion F of subsets of V (H). Letting Æ(F) = fÆ(X) : X 2 Fg, the 
olle
tionof 
uts Æ(F) is said to be laminar (resp. 
ross-free) whenever F is.Proposition 1 (Seymour [14℄). Let H be a bipartite graph and let T be aneven set of verti
es of H. The minimum length of a T -join in H equals themaximum size of a pa
king of T -
uts in H. The maximum is attained by a
ross-free 
olle
tion of T -
uts. ut



4 The latter proposition implies the next, where a 2-pa
king of T -
uts is a
olle
tion of T -
uts su
h that ea
h edge is 
ontained in at most two T -
uts ofthe 
olle
tion.Proposition 2 (Lov�asz [9℄). Let H be a graph and T be an even set of verti
esof H. The minimum length of a T -join in G equals half the maximum 
ardinalityof a 2-pa
king of T -
uts in H. The maximum is attained by a 
ross-free 
olle
tionof T -
uts. utThe following observation will be useful in subsequent se
tions.Observation 1 In Propositions 1 and 2, there exists an optimal 
olle
tion ofT -
uts whi
h is laminar and 
onsists only of in
lusion-wise minimal T -
uts.Proof. Let F denote a 
olle
tion of subsets of V (H) su
h that Æ(F) is optimal.Now assume that F is 
hosen in su
h a way that the total length of Æ(F), thatis PÆ(X)2Æ(F) jÆ(X)j, is minimum. Then ea
h T -
ut in Æ(F) is in
lusion-wiseminimal. Otherwise, we 
ould repla
e any non-minimal T -
ut by a smaller T -
utand un
ross the resulting 
olle
tion of T -
uts by standard un
rossing te
hniques(see, e.g., Proposition 3.4 in [4℄ or Se
tion 80.7b in [13℄) and obtain a new 
ross-free pa
king (resp. 2-pa
king) of T -
uts with the same size and a shorter totallength, a 
ontradi
tion. Now let t denote any element of T . Whenever somemember X of F 
ontains t, we repla
e it by its 
omplement �X. Be
ause twosets X and Y are 
ross-free if and only if �X and Y are 
ross-free, the resulting
olle
tion F is 
ross-free. Moreover, F is laminar be
ause none of its members
ontains t. ut2.2 Relating Edge Transversals to T -joins in G�Hadlo
k [6℄ �rst noted the following 
orresponden
e between odd 
y
le edgetransversals of G and T -joins in its dual graph. Below, G� denotes the dualgraph of G and T the set of odd fa
es of G, regarded as a subset of V (G�). Weremind the reader that the parity of a fa
e equals the parity of its boundary,
ounting bridges twi
e. Note that jT j is always even.Lemma 1 (Hadlo
k [6℄). A set of edges F is an odd 
y
le edge transversal ofG if and only if F � = fe� : e 2 Fg is a T -join in G�. Hen
e, the minimum sizeof an odd 
y
le edge transversal of G equals the minimum length of a T -join inG�. ut2.3 Relating Vertex Transversals to T -joins in G+We now show how odd vertex 
y
le transversals of G relate to T -joins in itsfa
e-vertex in
iden
e graph. As above, T denotes the set of odd fa
es of G. Thefa
e-vertex in
iden
e graph of G is the bipartite graph G+ on the fa
es andverti
es of G whose edges are the pairs fv, where f is a fa
e of G and v is avertex of G in
ident to f . The fa
e-vertex in
iden
e graph is planar be
ause it



5
an be drawn in the plane as follows. Keep all verti
es of G as verti
es of G+and add a new vertex vf in ea
h fa
e f of G. Then link ea
h new vertex vf tothe verti
es of G whi
h are in
ident to f by an ar
 whose interior is 
ontained inf . Do this in su
h a way that two ar
s never have a 
ommon interior point. Theresulting drawing of G+ is referred to as a standard drawing. The relationshipbetween transversals of G and T -joins in the fa
e-vertex in
iden
e graph G+ isas follows. Below, and hen
eforth, F (G) denotes the fa
e set of G.Observation 2 Let Æ(X) be a T -
ut in the fa
e-vertex in
iden
e graph G+ andlet R denote the subgraph of G determined by the edges in
ident to a fa
e in Xand to a fa
e in �X. Then R is Eulerian and has an odd number of edges. Hen
e,R 
ontains an odd 
y
le.Proof. Pi
k some vertex v of G. Let e1, . . . , ed denote the edges of G in
ident tov listed in 
lo
kwise order and, for 1 � i � d, let fi be the fa
e of G in
ident toboth ei and ei+1 (we let ed+1 = e1). Ea
h fa
e fi belongs either to X or to �X.Be
ause there is an even number of swit
hes between X and �X when one goes
lo
kwise around v, the degree of v in R is even. In other words, R is Eulerian. Soit 
an be de
omposed into edge-disjoint 
y
les. Sin
e X 
ontains an odd numberof verti
es of T , that is, an odd number of odd fa
es of G, subgraph R has anodd number of edges. utLemma 2. A subset W of V (G) is a transversal of G if and only if the subgraphof the fa
e-vertex in
iden
e graph G+ indu
ed by W [ F (G) 
ontains a T -join,that is, every 
omponent of the subgraph has an even number of verti
es of T .Proof. We �rst prove the forward dire
tion. Suppose, by 
ontradi
tion, that some
onne
ted 
omponent X of the subgraph of G+ indu
ed on W [ F (G) 
ontainsan odd number of verti
es of T . Then Æ(X) is a T -
ut in G+. Consider theedges of G in
ident to a fa
e in X and to a fa
e in �X. These edges determine asubgraph R of G. Let e be an edge of R. None of the endpoints of e belongs toW be
ause otherwise all the fa
es in
ident to this endpoint would be in X ande would not belong to R, a 
ontradi
tion. Therefore, R is vertex-disjoint fromW . By Observation 2, we know that R 
ontains an odd 
y
le. So W is not atransversal, a 
ontradi
tion.To prove the ba
kward dire
tion, 
onsider an odd 
y
le C and a T -join J inG+ 
overing some verti
es of W and no vertex of G �W . Let Y be the set offa
es of G 
ontained in C and let X = Y [W . Be
ause C is odd, X 
ontainsan odd number of odd fa
es, that is, an odd number of elements of T . Be
ausejT j is even, there is an odd number of elements of T in �X too. It follows that J
ontains a path P from an element of T in X to an element of T in �X. Let vbe any vertex of G on P in
ident to a fa
e in X and to a fa
e in �X. Then v isa vertex of C 
overed by J . In other words, W interse
ts C. Therefore, W is atransversal. ut



63 The Edge CaseIn this se
tion, we give a short proof that a minimum odd 
y
le edge transversalhas size at most twi
e the size of a maximum pa
king of edge-disjoint odd 
y
les.This result was re
ently proved by Kr�al and Voss [8℄. Their proof is quite long(about 10 pages). Below, we give a 
on
ise proof. As with the proof of Kr�al andVoss, our proof relies on the Four Colour Theorem [1, 12℄.Theorem 3 (Kr�al and Voss [8℄). The minimum size of an odd 
y
le edgetransversal of G is at most twi
e the maximum size of an odd 
y
le edge pa
kingin G.Proof. Let � and � respe
tively denote the minimum size of an odd 
y
le edgetransversal of G and the maximum size of an odd 
y
le edge pa
king in G. Thetheorem trivially holds if � = 0. Assume that � > 0. By Lemma 1, the minimumsize of a T -join in G� equals � . By Proposition 2 and Observation 1, there is alaminar family F of 2� subsets of V (G�) su
h that Æ(F) = fÆ(X) : X 2 Fg is a2-pa
king of in
lusion-wise minimal T -
uts in G�. Without loss of generality, we
an assume that the outer fa
e o of G is odd and that no member of F 
ontainso. Let H denote the graph on F in whi
h X and Y are adja
ent whenever the
orresponding T -
uts interse
t. We 
laim that H is planar. The 
laim obviouslyimplies the theorem be
ause, by the Four Colour Theorem, H has a stable set ofsize at least jV (H)j=4 = 2�=4 = �=2. This implies the desired inequality � � 2�.In order to show that H is planar, it suÆ
es to show that every blo
k H 0 ofH is planar. Let F 0 denote the vertex set of H 0. Sin
e F is laminar, F 0 is alsolaminar and the set F 0 partially ordered by in
lusion is a forest, i.e., every pointis 
overed by at most one point. Let X , Y and Z be three distin
t elements ofF 0. The following 
annot o

ur: (i) X � Y � Z, (ii) X � Y and Y \ Z = ?.Indeed, if (i) or (ii) holds then every X{Z path in H 0 interse
ts Y be
ause Æ(F)is a 2-pa
king. This 
ontradi
ts our assumption that H 0 is a blo
k of H . Then F 0partially ordered by in
lusion is either a forest of height 0 (that is, an anti
hain)or a tree of height 1. In both 
ases, it is easy to 
onstru
t a planar drawing forH 0 from G. Ea
h element of F 0 determines a 
y
le in the plane graph G. Inthe �rst 
ase, we pi
k any point in the bounded fa
e of ea
h of these 
y
les and
onne
t the points by an ar
 whenever there is an edge in H 0 between the two
orresponding elements of F 0. This 
an be done in su
h a way that the resultinggraph is planar. The se
ond 
ase is similar. ut4 Spe
ial ClassesIn this se
tion we show that the minimum size of an odd 
y
le (vertex) transver-sal is at most twi
e the maximum size of an odd 
y
le (vertex) pa
king for a
olle
tion of spe
ial 
lasses of planar graphs. The te
hniques we develop herewill then be applied in the next se
tion to give our main result for general pla-nar graphs. For te
hni
al reasons it will be useful to assume that G is signed.



7A signed graph is a graph whose edges are labeled odd (`�') or even (`+'). Ina signed graph, a 
y
le (or more generally a subgraph) is said to be odd if it
ontains an odd number of odd edges and even otherwise. Similarly, a fa
e of aplane signed graph is said to be odd if its boundary has an odd number of oddedges, 
ounting bridges twi
e. Otherwise, the fa
e is said to be even. A signedgraph is said to be balan
ed if it has no odd 
y
le. Odd 
y
le transversals andodd 
y
le pa
kings are de�ned as in the unsigned 
ase. Hen
eforth, in order toavoid unne
essary repetitions, we abbreviate odd 
y
le vertex transversal andodd 
y
le vertex pa
king respe
tively as transversal and pa
king. We denote by�(G) and �(G) the minimum size of a transversal of G and the maximum sizeof a pa
king in G, respe
tively. We assume that G has no loops and no multipleedges, with one ex
eption. We allow odd digons , i.e., subgraphs with two verti
esand two edges between them, one of whi
h is odd and the other even.4.1 When All Odd Fa
es Mutually Interse
tWe begin this se
tion by stating two te
hni
al lemmas. Our �rst lemma is Lemma4.1.2 in Diestel's book [2℄.Lemma 3. Let P1, P2 and P3 be three ar
s, between the same two endpoints butotherwise disjoint.(i) R2 n (P1[P2[P3) has exa
tly three regions, with frontiers P1[P2, P2[P3and P1 [ P3.(ii) If P is an ar
 between a point in ÆP1 and a point in ÆP3 whose interior liesin the region of R2 n (P1 [ P3) that 
ontains ÆP2, then ÆP \ ÆP2 6= ?. utNow to prove Lemma 4, we impli
itly use the two following fa
ts: in a 2-
onne
ted plane graph, every fa
e is bounded by a 
y
le and every edge is in twodistin
t fa
es (one for ea
h side of the edge).Lemma 4. Let G be a 3-
onne
ted plane graph. Then every fa
e of G is boundedby a 
y
le. For any two fa
es f and f 0 of G whose respe
tive boundaries C andC 0 interse
t, the following holds. Either C and C 0 share exa
tly one vertex, ortwo adja
ent verti
es and the edge between them.Proof. Suppose otherwise. Then C and C 0 share at least two verti
es. Pi
k anyvertex u in their interse
tion. Now walk along C 0 from u in some dire
tion untilsome other vertex of C, say v, is hit. Let P2 be the u{v path in C 0 that we havewalked through, and let P1 and P3 be the two u{v paths 
ontained in C. Be
auseG is 3-
onne
ted, G�u�v is 
onne
ted. In parti
ular, if P1 and P3 both 
ontainan internal vertex, then there is a path P in G � u� v from an internal vertexof P1 to an internal vertex of P3. By shortening P if ne
essary, we 
an assumethat no internal vertex of P is on P1 or P3. The path P satis�es the hypothesesof Lemma 3, so it must interse
t P2 in some internal vertex. But then f 0 is not afa
e, a 
ontradi
tion. So, without loss of generality, we 
an assume that P3 has



8no internal vertex. Now ex
hange the roles of C and C 0. Let P 01 = P2, P 02 = P3and P 03 be the u{v path in C 0 that is distin
t from P 01. By the same argumentsas above, we infer that P 01 or P 03 has no internal vertex. In other words, uv isan edge of both C and C 0. Then C and C 0 have to share at least three verti
es.Let w denote the �rst vertex of C we hit when we walk along C 0 from v in thesame dire
tion as before (away from u). As before, we have that vw is an edge ofboth C and C 0. Hen
e C and C 0 share the path of length 2 with vertex sequen
eu, v, w. It follows that v has degree 2 in G, 
ontradi
ting the fa
t that G is3-
onne
ted. utThe next result will be used as a base 
ase to prove our main approximatemin-max result.Proposition 3. If every two odd fa
es of G have interse
ting boundaries, thenG has a transversal of size at most 2.Proof. Note that the boundaries of every pair of odd fa
es of G interse
t if andonly if every two odd 
y
les of G interse
t, that is, if and only if �(G) � 1.We prove by indu
tion on the number of verti
es of G that �(G) = 1 implies�(G) � 2. This 
learly implies the proposition. If G has at most three verti
esor has an odd digon, then the proposition trivially holds. Now assume that G issimple and has at least four verti
es. We 
laim that we 
an also assume that Gis 3-
onne
ted.If G is not 3-
onne
ted, then it has a 
utset 
onsisting of two verti
es u andv. Let U be a 
onne
ted 
omponent of G�u� v, let G1 denote the subgraph ofG indu
ed on U [fu; vg and let G2 = G�U . If both G1 and G2 are unbalan
edthen fu; vg is a transversal be
ause we have �(G) = 1. By symmetry, we 
anassume that G1 is balan
ed. Then all u{v paths in G1 have the same parity. LetG0 be the graph obtained from G2 by adding an edge e with endpoints u andv that is labelled odd if all u{v paths in G1 are odd, and even otherwise. Wedon't add edge e if there is already an edge between u and v or if there is nou{v path in G1. Be
ause G0 has less verti
es than G and �(G0) = 1, there is atransversal of 
ardinality 2 in G0. The same two verti
es form a transversal inG. This 
on
ludes the proof of our �rst 
laim.>From now on, we assume that G is 3-
onne
ted. We 
laim that if everyvertex of G is in
ident to at most three odd fa
es, then G has a transversal ofsize 2. Indeed, if it is the 
ase then 
onsider the interse
tion graph of the oddfa
es, that is, the graph whose verti
es are the odd fa
es of G and whose edgesare the pairs ff 0 where f and f 0 have a 
ommon in
ident vertex. The interse
tiongraph is 
omplete be
ause any two odd 
y
les in G have a 
ommon vertex. Anystandard drawing of G+ 
an be modi�ed to obtain a drawing of the interse
tiongraph, so the latter is planar. It follows that G has either 2 or 4 odd fa
es. Ifthere are 2 odd fa
es f1 and f2, let v be a vertex in
ident to both f1 and f2. ByLemma 2, fvg is a transversal. If there are 4 odd fa
es f1, f2, f3 and f4, let v bea vertex in
ident to both f1 and f2 and w be a vertex in
ident to both f3 andf4. By Lemma 2, fv; wg is a transversal. This 
on
ludes the proof of our se
ond
laim.



9Let now v be a vertex whi
h is in
ident to at least four odd fa
es, say, f1, f2,f3 and f4, in 
ounter
lo
kwise order. By Lemma 4, the boundaries of fi and fi+2share exa
tly one vertex, namely v, for i = 1; 2. If all the odd fa
es are in
identto v, then fvg is a transversal by Lemma 2 and we are done. So we 
an assumethere is an odd fa
e f that is not in
ident to v. Let f 0 be an odd fa
e distin
tfrom f whi
h is also not in
ident to v. If there is no su
h fa
e, then fv; wg is atransversal (again by Lemma 2), where w is any vertex in
ident to both f andf1. Consider the subgraph H of G+ obtained by adding to the subgraph of G+indu
ed on v, f1, f2, f3 and f4 four paths of length two from f to f1, f2, f3and f4 respe
tively. Let f , ui, fi be the vertex sequen
e of the i-th path, andlet U = fu1; u2; u3; u4g. We 
hose the paths in su
h a way that the numberof verti
es in U is minimum (we maximize the interse
tions between them). Inother words, we ask that H be an indu
ed subgraph of G+. Now 
onsider anystandard drawing of G+. Where is the vertex vf 0 
orresponding to the odd fa
ef 0? It has to lie in one of the fa
es of H . Moreover, there is a path of length 2 inG+ from f 0 to ea
h of the fi's. Ea
h path avoids v be
ause f 0 is not in
ident tov. Be
ause the fi's are arranged around v in 
ounter
lo
kwise order, Lemma 4implies u1 6= u3 and u2 6= u4. So it suÆ
es to 
onsider the following three 
ases(see Figure 1).
jU j = 4 jU j = 3 jU j = 2
v u2vf3 u3vf1

vfu4vf4u1
vf2 v u2vf3vf1

vfu1
vf2 v vf3

vf
vf2vf1 vf4 u4vf4 u4 u3 u3u1u2Fig. 1. Subgraph H in ea
h of the three 
asesCase 1. jU j = 4. W.l.o.g., vf 0 lies in the fa
e of H bounded by the 
y
le withvertex sequen
e v, vf1 , u1, vf , u2, vf2 , v. Then there 
annot be a path of length2 avoiding v from f 0 to f3 in G+, a 
ontradi
tion.Case 2. jU j = 3. W.l.o.g., we assume that u3 = u4. As in Case 1, we see thatthere is nowhere vf 0 
ould be. For instan
e, if it lies in the fa
e bounded by the
y
le with vertex sequen
e v, vf1 , u1, vf , u4, vf4 , v, then there 
annot be a pathof length 2 avoiding v from f 0 to f2 in G+, a 
ontradi
tion.Case 3. jU j = 2. W.l.o.g., we assume that u1 = u2 and u3 = u4. Vertex vf 0
an be in the fa
e bounded by the 
y
le with vertex sequen
e v, vf2 , u2, vf , u3,



10vf3 , v or in the fa
e bounded by the 
y
le with vertex sequen
e v, vf1 , u1, vf ,u4, vf4 , v. In both 
ases, it must be adja
ent to both u1 and u3. By Lemma 2,we see that fv; u1g is a transversal of G. ut4.2 When Some Fa
e Interse
ts Every Odd Fa
eIn this se
tion, we 
onsider the graphs that have some fa
e whose boundaryinterse
ts the boundary of every odd fa
e.Proposition 4. Assume G is 4-
onne
ted, simple, has at least �ve verti
es andis su
h that the boundary of the outer fa
e interse
ts the boundary of every oddfa
e. Then the minimum size of a transversal of G is at most twi
e the maximumsize of a pa
king in G.Proof. We assume that G is not balan
ed. Otherwise, the result trivially holds.The hypotheses severely restri
t the way fa
e boundaries interse
t ea
h other.Consider a vertex y not in
ident to the outer fa
e. If there are two distin
tverti
es x, z su
h that ea
h one of them is in
ident to the outer fa
e and toa fa
e in
ident to y, then x and z have to be adja
ent. Indeed, there exists apolygon P in R2 interse
ting G exa
tly in x, y and z. By the Jordan CurveTheorem, we know that all paths from a vertex of G in the bounded region ofR2 n P to a vertex of G in the unbounded region of R2 n P go through x, y orz. The situation is depi
ted in Figure 2. If x and z are not adja
ent, then thetwo neighbours of x on the boundary of the outer fa
e lie in a di�erent region ofR2 n P . Hen
e X = fx; y; zg is a 
utset of size 3 in G, a 
ontradi
tion.
yx

z PFig. 2. X = fx; y; zg is a 
utsetNow 
onsider two distin
t odd fa
es f and g di�erent from the outer fa
e. ByLemma 4, the boundaries of fa
es f and g interse
t in a vertex or in a 
ommonedge. If the boundaries of f and g share a unique vertex y, then y is in
ident tothe outer fa
e (see Figure 3.a), unless the following o

urs. There are verti
es xand z in
ident to the outer fa
e su
h that xy, xz and yz are edges, x is in
ident tof and z is in
ident to g (see Figure 3.b). Moreover, x is the only vertex in
ident



11to both f and the outer fa
e, and z is the only vertex in
ident to both g and theouter fa
e. We refer to the triangle on x, y and z as a jun
tional triangle. Notethat jun
tional triangles 
an be even be
ause G is signed. If the boundaries of fand g interse
t in a 
ommon edge e (see Figure 3.
), then one of the endpointsof e is on the outer fa
e and the other is not. Moreover, in that 
ase f and g
annot both have a 
ommon in
ident edge with the outer fa
e be
ause otherwiseG = K4, 
ontradi
ting the fa
t that G has at least �ve verti
es.
f fz

a. b. 
.g gygfy x
Fig. 3. The three ways the boundaries of f and g 
an interse
tEnumerate the verti
es of the outer fa
e in 
lo
kwise order as v1, v2, . . . ,vn. For the sake of simpli
ity, let v0 = vn and vn+1 = v1. Let I be the set ofindi
es i su
h that there is a jun
tional triangle 
ontaining the edge vivi+1. Forea
h i 2 I , we let ui be the vertex of the jun
tional triangle in
ident to theedge e = vivi+1 and opposite to e, and we let wi be any point in the interior ofthe edge e. For ea
h odd fa
e f di�erent from the outer fa
e, we de�ne an ar
Af 
ontained in the frontier of the outer fa
e, as follows. If the boundary of finterse
ts the boundary of the outer fa
e in an edge vivi+1, then we let Af bethe edge vivi+1. Otherwise, the boundary of f interse
ts the boundary of theouter fa
e in a vertex vi. If f is in
ident neither to ui�1 nor to ui then we let Afbe the point fvig. If f is in
ident to ui�1 and not to ui then we let Af be thepart of the edge vi�1vi between wi�1 and vi. If f is in
ident to ui and not toui�1 then we let Af be the part of the edge vivi+1 between vi and wi. Finally,if f is in
ident to both ui and ui�1 then we let Af be the ar
 linking wi�1 andwi on the outer fa
e and 
ontaining vi. By 
onstru
tion, two odd fa
es f and gdi�erent from the outer fa
e are in
ident to some 
ommon vertex if and only iftheir 
orresponding ar
s Af and Ag have a nonempty interse
tion.Let H denote the graph whose verti
es are the odd fa
es di�erent from theouter fa
e and whose edges are the pairs fg su
h that Af \ Ag 6= ?. Then His a 
ir
ular ar
 graph. The maximum size of a pa
king in G is pre
isely equalto the maximum size of a stable set in H , that is, we have �(G) = �(H). We
onsider the following two 
ases.Case 1. There is some point x on the boundary of the outer fa
e that isnot in any ar
 Af . In this 
ase, H is an interval graph. Let W be a minimum
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ardinality subset of fvi : 1 � i � ng [ fwi : i 2 Ig meeting all the ar
s. ByDilworth's 
hain partitioning theorem [3℄, the 
omplement of an interval graphH is perfe
t, hen
e we have jW j = �(H) = �(G). Now repla
e ea
h wi 2 W byvi and vi+1. LetW 0 be the resulting set of verti
es of G. ThenW 0 is a transversalof G of 
ardinality at most 2jW j. In other words, we have �(G) � 2�(G).Case 2. The ar
s Af 
over the whole boundary of the outer fa
e. It followsthat for ea
h edge e = vivi+1, the fa
e fi in
ident to e and di�erent from theouter fa
e is either an odd fa
e or an even jun
tional triangle. If fi is odd, thenwe let gi = fi. Otherwise, we let gi be the odd fa
e in
ident to viui. As above,ui denotes the vertex of the jun
tional triangle in
ident to e whi
h is oppositeto e. Thus, every edge of the outer fa
e has a 
orresponding odd fa
e. Note thatif the boundaries of gi and gj interse
t then i 2 fj � 1; j + 1g or i = j. So ifn is even, then we have �(G) � 2�(G) be
ause fv1; : : : ; vng is a transversal ofsize n and ff1; f3; : : : ; fn�1g yields a pa
king of size n=2. Now assume that n isodd. Let H 0 be the graph whose verti
es are the fa
es gi and whose edges arethe pairs gigj su
h that the boundary of gi interse
ts that of gj and i 6= j. Bywhat pre
edes, we know that the graph H 0 is a subgraph of the odd 
y
le withvertex sequen
e v1, . . . , vn, v1. If H 0 is not 
onne
ted, then it has a stable setof size (n + 1)=2 and we get �(G) � 2�(G) as before. For the rest of the proof,we assume that H 0 is 
onne
ted. We 
laim that either all fi's are odd fa
es orall fi's are even jun
tional triangles. Otherwise, there is some index i su
h thatfi is an even jun
tional triangle and fi+1 is an odd fa
e. By what pre
edes, theboundaries of gi and gi+1 
annot interse
t. So our 
laim holds.If all fi's are odd fa
es then 
onsider vertex v1. If fv1; : : : ; vng n fv1g is atransversal then we have �(G) � n� 1 � 2�(G) be
ause H 0 has a stable set ofsize (n�1)=2. Otherwise, there is some odd fa
e f in
ident to v1 and to no othervi. Then ffg [ ff2; f4; : : : ; fn�1g yields a pa
king of size (n + 1)=2. Hen
e, wehave �(G) � 2�(G). If all fi's are even jun
tional triangles, then the odd fa
esof G are exa
tly the outer fa
e and the fa
es gi for i = 1; : : : ; n. It is easy to seethat fu1; v3; v4; : : : ; vng is a transversal of size n � 1. Be
ause H 0 has a stableset of size (n� 1)=2, we have �(G) � 2�(G). This 
on
ludes the proof. utWe need a slight generalization of Proposition 4. Consider some fa
e f of G,whi
h we refer to as a 
enter. The odd fa
es of G whose boundary interse
tsthe boundary of the 
enter are 
alled the targets (around f). In parti
ular, if fis odd then f is itself a target. A lo
al transversal is a set W of verti
es of Gsatisfying the following properties:(i) every target is in
ident to some vertex of W ;(ii) at most one vertex of W is not in
ident to the 
enter;(iii) if u 2 W is not in
ident to the 
enter, then u is in
ident to exa
tly twotargets.The proof of Proposition 4 in fa
t shows:Lemma 5. Assume G is 4-
onne
ted, simple and has at least �ve verti
es. Let fbe a fa
e of G a
ting as 
enter. Then the minimum size of a lo
al transversal ofG is at most twi
e the maximum number of boundary-disjoint targets in G. ut



134.3 When Odd Fa
es Are DisjointWe begin this se
tion by re
asting the minimum transversal and the maximumpa
king problems entirely in terms of T -joins and T -
uts in the fa
e-vertex in
i-den
e graph. This slight 
hange of terminology simpli�es the proofs and enablesus to state our results with more generality. Let H denote any bipartite graphwith bipartition fA;Bg, and let T be any even subset of B. The width of a T -joinin H is the number of verti
es of A it 
overs. The fringe of a T -
ut Æ(X) in His the set of verti
es of A whi
h have a neighbour in X and a neighbour in �X.Note that the minimum width of a T -join in H is at least the maximum numberof fringe-disjoint T -
uts in H . This is due to the fa
t that every T -join 
overssome element in the fringe of every T -
ut.We now relate the above de�nitions to odd 
y
le vertex transversal and pa
k-ing in plane signed graphs. Consider the 
ase whereH is the fa
e-vertex in
iden
egraph G+ of the plane signed graph G, set A is the vertex set of G, set B is thefa
e set of G, and set T is, as before, the set of odd fa
es of G. By Lemma 2,every T -join in H de�nes a transversal of G, namely, the verti
es of A it 
ov-ers. Re
ipro
ally, to every transversalW there 
orresponds a T -join in H whi
h
overs some verti
es of W and no vertex of A nW . So the minimum width of aT -join in H equals the minimum size of a transversal of G. Furthermore, there isa 
orresponden
e between T -
uts in H and odd 
y
les in G. By Observation 2,every T -
ut in H determines a Eulerian subgraph of G with an odd number ofodd edges. This subgraph 
ontains an odd 
y
le. The vertex set of the subgraphis the fringe of the T -
ut. Re
ipro
ally, every odd 
y
le in G determines a T -
utin H whose fringe is the vertex set of the 
y
le. Hen
e the maximum size of a
olle
tion of fringe-disjoint T -
uts in H equals the maximum size of a pa
king inG. We use the following notation: let � denote the maximum size of a 
olle
tionof fringe-disjoint T -
uts in H , let � denote the minimum width of a T -join in Hand let ` denote the minimum length of a T -join in H .Proposition 5. Let H be any bipartite graph with bipartition fA;Bg and let Tdenote any even subset of B. Assume that the shortest path distan
e dH(t; t0)between any two distin
t elements t and t0 of T is at least 2
 for some 
 � 1.Then we have � � 12(`� jT j+ 1) � �1� 1
� �:Proof. Let F denote a laminar 
olle
tion of ` sets of fa
es and verti
es of Gsu
h that Æ(F) = fÆ(X) : X 2 Fg is a 
olle
tion of edge-disjoint T -
uts in H .Su
h a laminar 
olle
tion of T -
uts is guaranteed to exist by Proposition 1 andObservation 1.We 
laim that whenever X , Y and Z are three distin
t elements of F su
hthat X � Y � Z or X � Y and Y \ Z = ?, then T -
uts Æ(X) and Æ(Z)are fringe-disjoint. It suÆ
es to 
onsider the �rst 
ase. Suppose there exists anelement a 2 A whi
h belongs to the fringes of X and Z. In parti
ular, a hasa neighbor b in X and a neighbor b0 in �Z. If a 2 Y then ab0 2 Æ(Y ) \ Æ(Z), a
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ontradi
tion. If a 2 �Y then ab 2 Æ(X) \ Æ(Y ), a 
ontradi
tion. So our 
laimholds.The set F partially ordered by in
lusion is a forest. Without loss of generality,we 
an assume that the leaves of this forest are singletons of the form fbg forsome b 2 T . Indeed, if X is a leaf then it 
ontains some element b of T . Repla
ingX by fbg 
learly preserves the laminarity of F . Moreover, all edges of Æ(fbg) areeither part of Æ(X) or 
ontained in X . Be
ause X is a leaf, Æ(fbg) does notinterse
t Æ(Y ) for any Y distin
t from X in F . It follows that F has at most jT jleaves. Note that the 
laim above implies that two nodes of the forest X and Yare fringe-disjoint unless X is the parent of Y , Y is the parent of X , X and Yare siblings or X and Y are roots.Rank the 
hildren of ea
h node of the forest F arbitrarily and order its rootsarbitrarily also. Let F 0 denote the subset of F formed by all nodes whi
h areranked �rst in their respe
tive ordering. Letting � denote the number of leavesof F , we 
laim that F 0 
ontains at least jFj��+1 � jFj� jT j+1 elements. LetX be any node. We de�ne a fun
tion f : F ! F as follows. If X is a leaf thenwe set f(X) = X . Otherwise, we set f(X) = f(Y ), where Y is the �rst 
hild ofX . So f(X) is the \�rst" leaf amongst the des
endants of X . Observe that, forany leaf node Z the preimage of Z, under f , either 
ontains exa
tly one nodein F 0 or 
ontains the highest ranked root node. Moreover, by 
onstru
tion, thepreimages of any pair of leaves are disjoint. Thus, � = jFj� jF 0j+1. Our se
ond
laim follows.To obtain a pa
king of fringe-disjoint T -
uts, 
olour the elements of F 0 bla
kor white in su
h a way that no parent and 
hild have the same 
olour, i.e.,whenever X is the parent of Y then X and Y have di�erent 
olours. In otherwords, 
olour the subgraph of the Hasse diagram of F indu
ed on F 0 with two
olours. Let F 00 denote the biggest of the two 
olour 
lasses. Then Æ(F 00) is a
olle
tion of fringe-disjoint T -
uts of size at least 12 (`� jT j+ 1).Note that every minimum length T -join in G 
an be thought of as a perfe
tmat
hing on T whose edges have be
ome edge-disjoint shortest paths in H .Hen
e ` is at least jT j2 � 2
. Note also that � is at most 2̀ be
ause the width ofany T -join is at most half its length. It follows that we have� � 12(`� jT j+ 1) � 12(`� jT j) � �1� 1
� 2̀ � �1� 1
� �: utCorollary 1. If the boundaries of the odd fa
es of G are pairwise disjoint thenthe minimum size of a transversal of G is at most twi
e the maximum size of apa
king in G.Proof. This follows dire
tly from Proposition 5 with H = G+, A = V (G), B =F (G) and 
 = 2. ut



155 Combining the Lo
al and Global Approa
hesWe are now ready to prove our result for general planar graphs. We will 
ombinethe lo
al and global approa
hes we have des
ribed to give our main approximatemin-max result. Towards this end, let �(G) denote the minimum size of a 
olle
-tion of fa
es of G su
h that the boundary of every odd fa
e of G interse
ts theboundary of some fa
e in the 
olle
tion. The following two lemmas are simpleand we omit their proofs. Lemma 6 implies that �(G0) � �(G) for any subgraphG0 of G.Lemma 6. Let G be a plane signed graph with �(G) = r, and let f1, . . . , fr bea 
olle
tion of fa
es su
h that for every odd fa
e f there is an index i su
h thatthe boundary of fi interse
ts the boundary of f . Then we have �(G� e) � r forea
h edge e. Moreover, we have �(G� e) � r � 1 if edge e is in
ident to fi andfj for some distin
t indi
es i and j. utLemma 7. Let G be a plane graph and X be a 
utset of G with at most threeverti
es (we allow the 
ase X = ?). If G has no 
utset with fewer than jX jelements, then there exists a polygon P � R2 interse
ting G only in verti
es andsu
h that X is pre
isely the interse
tion of P and G and ea
h region of R2 n P
ontains a vertex of G. utThe next lemma, 
ombined with Lemma 7, will allow us to fo
us on 4-
onne
ted graphs G.Lemma 8. Let G be a plane signed graph, let P � R2 be a polygon interse
tingG only in verti
es, and let X = P \ V (G). Assume that ea
h region R1 andR2 of R2 n P 
ontains at least one vertex of G. Then X is a 
utset in G. Fori = 1; 2, let Gi be the part of G 
ontained in the 
losure of region Ri. Then wehave �(G1) + �(G2) � �(G) + 2.Proof. Let ff1; : : : ; frg denote a 
olle
tion of r = �(G) fa
es of G su
h thatthe boundary of every odd fa
e of G interse
ts the boundary of some fa
e ofthe 
olle
tion. Without loss of generality, we 
an assume that there are someindi
es r1 and r2 with r1 � r2 su
h that f1, . . . , fr1 are 
ontained in R1 andin
ident to no vertex of X , and fr2 , . . . , fr are 
ontained in R2 and in
ident tono vertex of X . For i = 1; 2, let gi denote the fa
e of Gi 
ontaining R2�i+1. Thenthe boundary of every odd fa
e of G1 interse
ts the boundary of some fa
e inff1; : : : ; fr1g [ fg1g. Similarly, the boundary of every odd fa
e of G2 interse
tsthe boundary of some fa
e in ffr2 ; : : : ; frg [ fg2g. The lemma follows. utTheorem 4. For every unbalan
ed plane signed graph G, we have �(G) �7�(G) + 3�(G)� 8.Proof. Let G be a 
ounterexample with jV (G)j as small as possible, and letff1; : : : ; frg denote any minimum 
olle
tion of fa
es of G su
h that the boundaryof every odd fa
e of G interse
ts the boundary of some fa
e in the 
olle
tion.Note that we have r = �(G) � 1. We 
laim: (1) G has a pa
king of size 2,



16no transversal of size at most 9, and G is simple; (2) G is 4-
onne
ted; (3) theshortest path distan
e dG+(fi; fj) between fi and fj is at least 8 whenever i 6= j.Proof of Claim (1). If G has no pa
king of size 2, then by Proposition 3, we have�(G) � 2 = 7 + 3� 8 � 7�(G) + 3�(G)� 8;a 
ontradi
tion. So G has a pa
king of size 2, that is, we have �(G) � 2. Nowa similar argument shows that G has no transversal of size at most 9, that is,we have �(G) > 9. If G is not simple, then it has an odd digon. Letting x andy be the verti
es of the digon and X = fx; yg, we have �(G �X) � �(G) � 1.By Lemma 6, we have also �(G � X) � �(G). Therefore, be
ause G � X isunbalan
ed and has less verti
es that G, we have�(G) � 2 + �(G �X)� 2 + 7�(G�X) + 3�(G�X)� 8� 7�(G) + 3�(G) + 2� 7� 8 � 7�(G) + 3�(G)� 8;a 
ontradi
tion. So Claim (1) holds.Proof of Claim (2). By the previous 
laim, G has at least 10 verti
es. Therefore,to prove the present 
laim, it suÆ
es to prove that G has no 
utset of size 3.However, in order to use Lemma 7 we need to show that G is 3-
onne
ted; weleave this straightforward task to the reader. Now assume that G is 3-
onne
ted.Suppose that G has a 
utset X 
onsisting of three verti
es x, y and z. LetY = fy; zg. By Lemma 7, there exist indu
ed subgraphs G1 and G2 of G and apolygon P � R2 determining two regions R1 and R2 in the plane su
h that Pinterse
ts G pre
isely in x, y and z, and Gi equals the restri
tion of G to the
losure of region Ri, for i = 1; 2. It suÆ
es to 
onsider the following two 
ases.Indeed, if G1 � X and G2 � X are both balan
ed then G has a transversal ofsize at most 3, 
ontradi
ting Claim (1).Case 1. Neither G1�X nor G2�X is balan
ed. It follows that neither G1�Ynor G2�Y is balan
ed. If we have �(G) � �(G1 �Y ) + �(G2 �Y ) then Lemma8 implies�(G) � 2 + �(G1 � Y ) + �(G2 � Y )� 2 + 7�(G1 � Y ) + 3�(G1 � Y )� 8 + 7�(G2 � Y ) + 3�(G2 � Y )� 8� 7�(G) + 3�(G) + 2 + 6� 16 = 7�(G) + 3�(G)� 8;a 
ontradi
tion. Else, we have �(G) = �(G1�Y )+�(G2�Y )�1. It follows thatevery maximum pa
king of G1 � Y and every maximum pa
king of G2 � Y hitthe vertex x. So we have �(G1�X) = �(G1�Y )�1, �(G2�X) = �(G2�Y )�1and �(G) = �(G1 �X) + �(G2 �X) + 1. Therefore, we have�(G) � 3 + �(G1 �X) + �(G2 �X)� 3 + 7�(G1 �X) + 3�(G1 �X)� 8 + 7�(G2 �X) + 3�(G2 �X)� 8� 7�(G) + 3�(G) + 3� 7 + 6� 16 � 7�(G) + 3�(G)� 8;



17a 
ontradi
tion.Case 2. G1�X is balan
ed and G2�X is not balan
ed. If G1 is not balan
ed,then we have �(G) � �(G2 �X) + 1 and hen
e�(G) � 3 + �(G2 �X) � 3 + 7�(G2 �X) + 3�(G2 �X)� 8� 7�(G) + 3�(G) + 3� 7� 8 � 7�(G) + 3�(G)� 8;a 
ontradi
tion. Otherwise, G1 is balan
ed. Consider the graph G02 obtainedfrom G2 by adding a triangle on x, y and z to G02. We do not add an edge ifit is already present in G2. Sin
e we 
an easily modify G to get a drawing ofG02, we 
an regard G02 as a plane graph. Consider any two distin
t verti
es u,v in X = fx; y; zg. Be
ause G1 is balan
ed, all u{v paths in G1 have the sameparity. We let the parity of the edge uv in G02 be the parity of all u{v paths inG1. Note that we have �(G) � �(G02) and �(G02) � �(G). Moreover, we have�(G02) � �(G), as we now prove. Sin
e G is 3-
onne
ted, there is a vertex t inG1 �X sending three independent paths to x, y and z in G1. By Lemma 6, ifwe delete from G all edges whi
h are 
ontained in G1 ex
ept those whi
h belongto one of the three paths, the resulting graph G0 satis�es �(G0) � �(G). Sin
ethe triangle on x, y, z determines an even fa
e in G02, we have �(G02) � �(G0).Hen
e, we have �(G02) � �(G), as 
laimed. It follows that we have�(G) � �(G02) � 7�(G02) + 3�(G02)� 8 � 7�(G) + 3�(G)� 8;a 
ontradi
tion. In 
on
lusion, Claim (2) holds.Proof of Claim (3). Suppose that dG+(fi; fj) � 6 for some distin
t indi
es iand j. Let X denote the set of verti
es of G on a shortest path between fiand fj in G+. So X 
ontains at most three verti
es. By Lemma 6, we have�(G�X) � �(G)� 1. Be
ause G�X is not balan
ed, we have�(G) � 3 + �(G�X) � 3 + 7�(G�X) + 3�(G�X)� 8 � 7�(G) + 3�(G)� 8;a 
ontradi
tion. So Claim (3) holds.Now we would like to apply Lemma 5 around ea
h fa
e in the 
olle
tionff1; : : : ; frg. So ea
h fa
e fi will perform as a 
enter. The targets around fi arethe odd fa
es of G whose boundary interse
ts the boundary of f . By Claim (3),whenever g is a target around fi and g0 is a target around fj with i 6= j, theboundaries of g and g0 are disjoint. By Lemma 5, for ea
h 
enter fi there existsa pa
king of odd 
y
les Ci formed by target boundaries, and a lo
al transversalWi whose size is at most twi
e the size of pa
king Ci. Let Clo
al denote the unionof pa
kings C1, . . . , Cr. Then Clo
al is a pa
king.Now let H = G+, let A = V (G) and let B = F (G). Consider the graph ~Hobtained from H by 
ontra
ting, for 1 � i � r, all verti
es of H at distan
e atmost 2 from fi to a single vertex ~fi. Note that ~H is still bipartite, with bipartitionf ~A; ~Bg, where~A = A n fa 2 A : dH(a; fi) � 2 for some i with 1 � i � rg;~B = B n fb 2 B : dH (b; fi) � 2 for some i with 1 � i � rg [ f ~fi : 1 � i � rg:



18Let ~T denote the set of those ~fi's that 
orrespond to 
enters fi whi
h have anodd number of targets around them. So ~T is an even subset of ~B. Let ~J denotea minimum length ~T -join in ~H . Then, by Proposition 5, there is a 
olle
tion offringe-disjoint ~T -
uts Æ( ~F) in ~H su
h thatjÆ( ~F)j � 12(j ~J j � j ~T j+ 1) � 12(j ~J j � r + 1)) j ~J j � 2jÆ( ~F)j+ r � 1:This 
olle
tion of fringe-disjoint ~T -
uts yields a pa
king of odd 
y
les Cglobal inG, of the same size. The ~T -join ~J de�nes a set of edges Jglobal in H = G+, asfollows. Every edge of ~J that belongs to H is kept as it is. Every other edgeof ~J is of the form v ~fi and is repla
ed by any shortest path between v and fiin H . Be
ause we have d ~H( ~fi; ~fj) � 4 whenever i 6= j and be
ause ~J is theedge-disjoint union of shortest paths between pairs of verti
es of ~T , the lengthof Jglobal is at most twi
e the length of ~J .For ea
h lo
al transversal Wi, let Ji denote the set of edges vf of the fa
e-vertex in
iden
e graph G+ su
h that v 2 Wi and f is a target around fi in
identto v. Let Jlo
al denote the union of J1, . . . , Jr. The union of Jlo
al and Jglobal
ontains a T -join, say J . Be
ause the width of J is at most the width of Jlo
alplus the width of Jglobal and be
ause the width of a T -join is at most half of itslength, the width of J is at mostrXi=1 jWij+ 12 jJglobalj � 2jClo
alj+ 2jCglobalj+ r � 1 � 4�(G) + �(G)� 1:By Claim (1), we have �(G) � 2. Therefore, we have�(G) � 4�(G) + �(G)� 1 � 7�(G) + 3�(G)� 8;a 
ontradi
tion. This 
on
ludes the proof of the theorem. utBe
ause �(G) is at most the size of any in
lusion-wise maximal 
olle
tion ofboundary-disjoint odd fa
es in G, whi
h is in turn at most �(G), we obtain ourmain result from Theorem 4.Corollary 2. For every plane signed graph G, we have �(G) � 10�(G). utReferen
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