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ABSTRACT  Probability Theory is a branch of mathematics like none other; its non-

deterministic nature leaves room for solutions with varying degrees of accuracy and of 

confidence when establishing the relationship between the theory and the reality of an 

experiment.  As a result, students introduced to such a topic often fall victim to 

uncertainty and to misconceptions due to the conflict in between their expectations based 

on mathematics and their intuitions rooted in experience.  This study sought to test the 

efficacy of an approach using specially designed activities focused on a standard coin-

flipping experiment and a constructivist method to reconcile the students’ instincts and 

probabilistic theory.  An in-depth analysis of four students obtaining their bachelor’s of 

education degree in one of two English universities in Montreal revealed a marked 

improvement in their level of comfort with the subject matter, in their critical thinking, 

and in the accuracy of their responses.  Consequently, there is potential for further 

exploration and application of similar methods in the field of mathematics education. 
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PROBABILITY VS. TYPICALITY:  

MAKING SENSE OF MISCONCEPTIONS 

Caroline Lefebvre, Concordia University, Montreal 

 

 

1. INTRODUCTION 

 

When learning mathematics, there is often a “verifiable” quality to the theory being covered.  If a 

student is being taught to add, it is easily confirmed that 2 + 3 = 5 is accurate by combining a set of 

two objects with a set of three objects and noting that there are five objects in total.  If the topic being 

covered is the calculation of the area of a triangle, pupils can convince themselves that the surface of a 

triangle with a base measuring four centimetres and a height measuring three centimetres indeed 

measures 6 square centimetres by covering the triangle with six 1cm2-units or by rearranging sections of 

the triangle to obtain the more familiar rectangular shape with an area of 6cm2.  Even in profit-

maximizing problems, if it is determined that the optimal price for a product is $27, this can be 

confirmed by consulting tables of data, constructing graphs, or using differential calculus.  However, this 

“verifiable” quality is somewhat more elusive when it comes to Probability Theory.  Examination of a 

situation may reveal that event A is ten times more likely to occur than event B, but if event B occurs a 

dozen times in a row, this does not necessarily run counter to our assumption.  Randomness or “luck” 

prevents us from being able to know with certainty that the reality of the situation will corroborate 

calculations within a finite context the way it will in deterministic situations such as those mentioned 

above.  It is this “uncertain” aspect of probabilistic situations that often leaves students with a sense of 

scepticism, thus rendering some not only doubtful of the applicability of Probability Theory, but also 

unsure of their correct use of mathematical principles in the domain. (Brousseau, Brousseau, & 

Warfield, 2002) 

With probability consisting of such an integral part of everyday life — be it in newspapers, 

advertisement, medicine, leisure, or trivia — and making up the foundation of statistics, one of the most 

broadly used mathematical tools, it would be reckless not to stress the importance of a sound education 

in this field.  So how do we minimize confusion and misconceptions related to Probability Theory? 

It was Clifford Konold (1995) who wrote: “When presented new information, we have no other 

option than to relate it to what we already know — there is no blank space in our minds within which 

new information can be stored so as not to ‘contaminate’ it with existing information.  Learning in the 

classroom involves students weaving selected and interpreted teacher outputs into an existing fabric of 

knowledge.”  Based on this idea, it could be determined that the optimal educational strategy would 

include the beliefs that students hold to be true in the lesson plan in order to establish proper 
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connections between pre-existing and newly acquired notions, thus allowing for a more accurate 

retention of knowledge.   

The hypothesis tested in this study is that the fallacious beliefs most commonly encountered in 

Introductory Probability Theory would be significantly reduced if they were not only confronted, but 

also reconciled with the mathematical actuality of the situation.  If students achieve a harmony between 

what they believe to be true and what an education in mathematics requires them to conclude, then the 

internal conflicts disappear, as do the students instincts to employ false reasoning or to doubt the 

soundness of the principles they are taught. 

The main misconceptions focused on in this study are derived from the confusion of the notion of 

“probability” with that of “typicality,” the latter of these two terms being employed to reference the set 

of characteristics that the human brain tends to associate with a random occurrence.  In other words, 

“typicality” encompasses all that is seemingly devoid of a deterministic pattern.  It also, by extension, 

refers to the set of outcomes that we come to expect from a random process.  “At the root of the 

conjunction effect is a bias: We consider more probable that which we find easier to imagine, that which 

seems more typical to us.” (Piatelli-Palmarini, 1994)  Tversky and Kahneman (1972) employed the 

expression “representativeness” instead of “typicality” in their work when discussing the quality of a 

sample whose characteristics mirror those of its parent population and reflect the particular features of 

the process utilized in the sample’s generation. (Fischbein & Schnarch, 1997; Jones, Langrall, & Mooney, 

2007; Maltin, 2009)  In other words, “typicality” is employed to signify “representativeness” in the 

context of random generation of a sample.  Some common cognitive difficulties related to this problem 

are occasionally called the “negative recency effect” and “the law of small numbers.”  

The “negative recency effect,” also sometimes called the “gambler’s fallacy,” refers to the belief 

that if an experiment is repeated and one outcome occurs several times in a row, then it is less probable 

to appear upon the next completion of that same experiment.  (Konold, 1989; Konold, 1991; Piatelli-

Palmarini, 1994; Fischbein & Schnarch, 1997; Jones, Langrall, & Mooney, 2007)  For example, if I flip a 

fair coin ten times in a row and each time I obtain “tails,” then there exists a commonly held intuition 

that the eleventh coin toss is more likely to come up “heads.” 

“The law of small numbers” is a term coined by Tversky and Kahneman (1971; 1972) and referenced 

in Massimo Piattelli-Palmarini’s (1994) book, Inevitable Illusions: How Mistakes of Reason Rule Our 

Minds.  This alludes to the tendency to assign a greater probability of occurrence to finite sets of 

independent outcomes whose relative frequencies more closely resemble the respective probabilities of 

each outcome.  For example, if we roll a fair six-sided die with two faces painted green (G) and four 

faces painted red (R), then many consider obtaining the sequence “RGRGGG” to be more likely than 

obtaining the sequence “GRGGG.”  It should be noted that since the former sequence consists of the 

latter with the addition of an “R” at the beginning, thus rendering the probability of obtaining 

“RGRGGG” two-thirds that of getting “GRGGG,” but it is often designated to be the most probable due 

to its more “balanced” nature. (Piatelli-Palmarini, 1994)   
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Such intuitions as these could stem from a skewed perception of reality or from a flawed 

comprehension of such concepts as independence (Batanero & Serrano, 1999) and the law of large 

numbers, but they are in their most potent and convincing state when these two issues operate in 

conjunction with one another.  It was therefore theorized that by giving the students the opportunity to 

learn about such notions as independence and the law of large numbers while tying in the reasoning 

that they may be subconsciously using to sustain their misconceptions, they will become better 

equipped to correctly navigate probabilistic problems without being distracted by internal cognitive 

conflicts. 

Of course, the notion of confronting students’ misconceptions in order to improve mathematics 

education is far from new; a slew of researchers have previously highlighted the importance and the 

benefits of taking such actions in the classroom. (Fischbein E. , 1975; Steinbring, 1991; Konold, 1995; 

Fischbein & Schnarch, 1997; Greer, 2001; Kvatinsky & Even, 2002; Jones, Langrall, & Mooney, 2007)  The 

application of this idea in this study, however, is extended to reconciling the intuitions with both reality 

and mathematics, thus allowing these three entities to become harmoniously intertwined rather than 

attempting to systematically quash select portions of the students’ system of probabilistic beliefs by 

putting them to the test one by one.   

Moreover, the methods used in order to challenge a misconception in a convincing manner are not 

practical in the context of Probability Theory due to its non-deterministic nature.  If we wished to test 

the idea that (𝑎 + 𝑏)2 = 𝑎2 + 𝑏2 is an acceptable equivalence for any real numbers 𝑎 and 𝑏 — a 

common mistake in algebra —, then we need only test the theory for fixed values of 𝑎 and of 𝑏 (say, 

𝑎 = 𝑏 = 1) in order to confirm that the aforementioned rule does not hold true.  Methods like this one 

can easily be applied in deterministic cases such as this and students can be conditioned to perform 

such checks when in doubt.  However, verification of an idea often cannot be performed so easily in 

probabilistic situations.  For instance, if we revisit the situation in which a fair coin has landed on “tails” 

ten times in a row and students believe that the next coin toss is more probable to yield “heads,” how 

are they to determine whether or not this is true?  Through sampling and repeated trials?  It may take 

quite some time to obtain one outcome of such an experiment, let alone to accumulate enough data to 

support a convincing argument.  Furthermore, even large amounts of collected data can easily be 

dismissed as “luck” by those who are not yet proficient in Probability Theory, since a finite number of 

trials will typically increase the level of confidence with which a statement can be made, but cannot 

disprove the converse with absolute certainty.  Are they expected to use computer simulation?  This 

requires materials and skills which are not unconditionally at their disposal; one can hardly be expected 

to write and execute a program every time they are unsure of their instincts in a probabilistic context.  

Should they restrict themselves to the use of probabilistic laws and definitions?  This approach could 

hardly be considered conducive to constructing a link in between the mathematics and the reality of the 

situation in the minds of pupils.  In fact, this would appear to be the best way to generate a duality in 

between theory and application.   

In the absence of a practical method for verifying the soundness of a theory that will convince 

students with limited knowledge of Probability Theory, a simple confrontation of misconceptions might 

even generate what psychologists refer to as the “ironic effect.” (Maltin, 2009)  This concept is best 
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illustrated using an example: if we are told not to think of a white polar bear, the first (and most 

recurrent) image that appears in our minds is, in fact, that of a white polar bear for as long as we 

attempt not to think of it.  So if pupils are told make use of idea A, but not idea B, then they might 

experience the need to consider both notions every time they confront an appropriate situation.  

Without a convincing reason for casting aside the fallacious belief, this may cause dilemmas, even for 

students who were not subject to the misconceptions before the instructor mentioned them, since they 

now have memories of learning about the theory as well as the misconceptions in class and we cannot 

say that they will infallibly associate veracity with the correct idea. 

The solution examined in this study therefore focuses on justifying the mathematical content of 

situations as well as its relation to common misconceptions in the hope that students will develop the 

ability to use reason as a tool for detecting sound probabilistic judgment as opposed to relying on 

misleading perceptions of reality.  This particular approach allows for mental constructs to connect all 

three components of knowledge: theory, intuitions, and reality (Figure 1).  The intuitions are established 

as justified on the basis of real experience, the theory is verified to corroborate intuitive beliefs based on 

psychological processes, and the applicability of the mathematical theory to real situations is more 

easily accepted. 

Consequently, the principal goal of this study 

was to investigate the plausibility of creating a 

lesson plan that would minimize misconceptions and 

support understanding of Probability Theory in a 

classroom context through the reconciliation of 

students’ intuitions with the mathematics 

underlying probabilistic situations.  As a result, a 

largely interactive, activity-based, constructivist 

approach was utilized in the experimental phase of 

this pilot program based on the abundance of 

research available to support the constructivist 

educational theory and to stress the importance of 

the social component of learning and understanding 

mathematics (Piaget & Inhelder, 1975; Treffers, 

1987; Streefland, 1991; Simon, 1995; Cobb & 

Bauersfeld, 1995; Cobb, 2000; Brousseau, Brousseau, & Warfield, 2002; Jones, Langrall, & Mooney, 

2007).  Paul Cobb’s “emergent perspective” (Cobb & Bauersfeld, 1995; Cobb, 2000) was of particular 

influence in the design of the lesson plan in question, attributing equal importance to both the 

constructivist activities in which students are asked to participate and to the social processes in which 

students take part in the classroom. 

 

 

Probability 
Theory

Experiential 
Reality

Probabilistic 
Intuitions

Figure 1:  The three-way mental link hypothesized to be 
generated by the "reconciliation" approach. 
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2. THEORETICAL FRAMEWORK 

 

For the most accurate evaluation of the extent of each student’s comprehension in the domain of 

Probability Theory, a framework had to be established in order to guide our assessment of the 

candidate’s understanding.  For this purpose, the use of the Anthropological Theory of the Didactic (ATD; 

Chevallard, 1999, 2002) was selected.  In this theory, the study of mathematics is considered as an 

element of the set of all human activities and social institutions. The notion of “praxeology”, defined in 

this framework, is an analytical system that divides any regularly accomplished human activity into four 

components: the task, the technique, the technology, and the theory. 

 The task (𝑡) represents that which the person must accomplish and can be categorized according 

to type (𝑇).  Occasionally, it is possible to group several task types together in a single task genre, the 

latter encompassing a number of types of activities.  However, in contrast to task types which have 

individually determined significance, the task genre itself bears no meaning outside of these specific 

types.  For example, we can think of the act of calculating the value of the function 𝑓 𝑥, 𝑦 = 𝑦(𝑥3 −

𝑥 + 7) for 𝑥 = 3 and 𝑦 = −2 as being the task 𝑡.  The type of task, 𝑇, would be that of calculating the 

value of a function at a given point.  Thus, 𝑡 𝜖 𝑇.  However, the term “calculating” is ambiguous in the 

sense that it is entirely defined by the types of tasks connected to it.  Therefore, calculating constitutes 

the genre of task dealt with in this context.  It should be noted here that tasks, task types, and task 

genres are not naturally occurring phenomena.  Instead, they are considered to be constructs that exist 

in the context of certain institutions (e.g., in a mathematics class) whose reconstruction is an entirely 

different phenmenon and one of the main objectives of the didactics of mathematics. 

 The technique (𝜏) stands for the method that a person utilizes in order to accomplish tasks of a 

given type.  The portion of tasks which can be completed by applying a given technique 𝜏 is denoted 

𝑃 𝜏  and refers to the technique’s reach (translated from the French term “portée”).  For example, if we 

desire to determine the real roots of a quadratic function 𝑓 𝑥 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 for any given real values 

of 𝑎, 𝑏, and 𝑐 where 𝑎 is nonzero, we can apply the quadratic formula 𝑥 =
−𝑏± 𝑏2−4𝑎𝑐

2𝑎
 as long as 

𝑏2 − 4𝑎𝑐 ≥ 0.  As a result, the application of the quadratic formula is the technique 𝜏 in question and its 

corresponding reach 𝑃 𝜏  is the set of all tasks requiring us to find the real roots of a function of the 

form 𝑓 𝑥 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 with 𝑎 ≠ 0 that respect the inequality 𝑏2 − 4𝑎𝑐 ≥ 0.  

The technology (𝜃) refers to the rationalization of the technique, i.e. it consists of the reasoning 

that justifies that the application of a certain method will in fact allow for the completion of a particular 

task 𝑡 under consideration.  The technology’s principle function is therefore to explain the technique or 

to render it intelligible.  In most cases, the technique 𝜏 itself is often inextricaly bound to elements of 

the technology.  For instance, if one is attempting to calculate how much 24 popsicles cost if 8 popsicles 

cost $5, then an appropriate technique would be $5 × 3 = $15 since 24 is three times more than 8.  This 

reasoning constitutes the technology employed and it is intimately related to the technique of 

multiplying the cost by three.  Another function of the technology would be that of acting as a producer 

of techniques.   To illustrate this idea, imagine being required to calculate the area of a triangle with a 
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base of length 3 and a height 

of 4.  You could establish that 

the area was 
3×4

2
= 6 since it 

makes up half of the area of 

the parallelogram with a base 

of length 3 and a height of 4 

obtained by joining 

corresponding edges of 

isometric triangles matching 

the description above (see 

Figure 2).  This type of 

technology could be similarly 

applied to triangles of any 

dimension, thus giving rise to the technique of establishing the area of a triangle by using the 

formula𝐴 =
𝑏×ℎ

2
, where 𝑏 and ℎ correspond to the measurements of the base and of the height, 

respectively. 

 Just as the technology supports the application of the technique through reasoning, the theory 

(Θ) analogously serves to rationalize the technology.  Therefore, if we consider the example of 

determining the price of popsicles, the theory underlying the technology examined could pertain to the 

principles of proportionality.  In the context of the calculation of the area of a triangle, the technology in 

question could be justified using the conservation of area through isometric transformations (such as 

rotation) and the theory behind the calculation of the area of a parallelogram. 

 As a result, participants in this study were questioned in the hopes of extracting all four of these 

components of praxeology as they relate to each applicable problem1 in both the pre- and post-tests.  

Consequently, a solution could only be considered correct if the task, the technique, the technology, and 

the theory were all valid and accounted for in the student’s response.  The interview scripts were 

therefore designed with this evaluative framework in mind and the first-tier analysis2 was carried out 

with a focus on the identification and evaluation of the four elements of praxeology. 

 

 

                                                           
1
 The term “applicable problem” in this context is to be interpreted as a problem whose corresponding task is of a 

distinct verifiable nature, i.e. this evaluative method was not strictly followed when dealing problems whose goal is 
to establish a definition or a justification.  As a result, question 1 from the pre-test and questions 5 and 6 from the 
post-test were evaluated with a less structured interpretation of completeness (see Section 7). 
2
 The first-tier analysis involves the examination of each participant’s individual solutions to the problems posed.  

This can be viewed in contrast with the second-tier analysis (included in section 4 of this paper) which involves an 
overview of solutions provided by the students as a group. 

Figure 2:  Illustration of the technology linking the calculation of the area of 
a triangle with base of length 3 and a height of 4 to half of the area of a 
parallelogram with base of length 3 and height of 4. 
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3. METHODOLOGY 

 

3.1 Participants 

The sample for this study consisted of four undergraduate students who were in the process of 

obtaining their bachelor’s of education degree (B. Ed.) with a focus on elementary education in an 

English university in Montreal.  Three of these candidates were students at McGill University and one 

was attending Concordia University.  

 Participants were all full-time students who ranged from 21 to 28 years of age.  All of them were 

fluent in English. 

 One of these students had not had formal education in Probability Theory since her exposure to 

the standard secondary 5 mathematics curriculum as designated by the Ministère de l’Éducation du 

Québec3 in 1999-2000.  The other three students had been exposed to Probability Theory in the context 

of a Quantitative Methods (QM) course while obtaining a Diplôme des Études Collégiales (D.É.C.) in 

Social Sciences at a local CÉGEP.  In these latter cases, the course had been taken four to six years prior 

to participation in this study.  None of the participants in this study had received education in Probability 

Theory at the post-collegial level and thus had never been subjected to advanced topics in the field.  As 

a result, the students’ mathematical knowledge in the domain of Probability Theory remained 

comparable for the topics of focus in this study. 

 

3.2 Procedure 

Prior to any instructional intervention, a pre-test was administered to all four participants in the form of 

a task-based clinical interview (Goldin, 1997).  Questions were printed on separate pieces of paper and 

interviewees were not told how many questions made up the pre-test.  Students received the questions 

one at a time and the sheets were removed upon completion of every question.  The motivation for this 

aspect of the pre-test’s design was to avoid a tendency to rush answers in order to comply with an 

anticipated timeframe.  Moreover, this enabled the interviewer to establish what the students’ 

understanding of the probabilistic situations described in the questions was without being concerned 

with the possibility of subsequent questions triggering a conceptual conflict and thus influencing the 

students’ responses.  In other words, the participants gave their  answers without being influenced by 

the fact that their reasoning may not apply to subsequent questions.  Instead, the students would have 

to provide an answer based on their first instincts, i.e. the answer that they would have provided 

outside of the context of a test. 

 The interviewer based her interventions on a script that was constantly updated and altered as 

needed.  The initial script was developed in anticipation of a number of scenarios and responses and 

was designed to facilitate discovery of the students’ ability to answer the questions as well as to justify 

                                                           
3
 Renamed the Ministère de l’Éducation, du Loisir et du Sport in February, 2005. 
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their solutions.  However, as unanticipated situations arose, the interviewer took note of her line of 

questioning in order to make interventions uniform in a given situation and render results comparable.  

In any case, the line of questioning was purposefully formulated to be devoid of any leading on the part 

of the interviewer.  In other words, the interviewer never indicated to the student verbally or otherwise 

whether or not her answer was correct.  Moreover, developmental questions did in no way guide the 

student to the solutions; they were of a neutral nature (e.g. “How do you know that?” — “Can you 

elaborate?” — “What do you mean by that?” — “Can you explain why that is?”)  The interviewer was 

permitted to stray from the strict nature of the script if and only if she adhered to the spirit of the script 

and abstained from making use of any phrases or expressions that the student had not used herself.  Put 

another way, the interviewer was allowed to quote the interviewee for clarity’s sake, but she was not at 

liberty to insert new ideas into the conversation.  When students offered up contradictory information, 

the interviewer would examine the extent of the conflict by asking the student to explain why both 

statements are true, but she would not indicate that there must be a false statement, nor would she 

pursue the topic until the candidate noticed the problem herself; if the participant did not perceive the 

contradiction, the interviewer carried on.  A similar method was employed when the student offered up 

seemingly contradictory (but ultimately correct) information as well; this uniformity in the interviewer’s 

behaviour prevented the participants from associating such a line of questioning with the signalization 

of flawed knowledge on their behalf. 

 While subject to the pre-test, interviewees were instructed to “think out loud” regardless of 

their level of certainty, this in order to allow for researchers to follow their train of thought.  This 

property of the interview, should the guidelines be properly enforced, renders it possible to establish 

not only the answers and justifications that each of the students provide evident, but it also permits 

researchers to establish the confidence with which participants offer up their solutions, the conflicts and 

dilemmas to which the questions give rise, the students’ ability to rationalize or review their responses, 

and the emotional state of the candidates.  Each question sheet came equipped with large blank spaces 

to accommodate written work and students were encouraged to make use of this feature using 

whatever method they saw fit, be it drawing, creating tables of values, composing memory aids, 

constructing diagrams, performing calculations, or fashioning a solution by any other means.  Students 

were also given permission to use any other media in the environment they saw fit.  Although students 

were told that a solution would be acceptable regardless of whether or not they made use of these 

options, when a participant did employ visual aids these would complement their verbal explanations 

and lend added clarity to their chain of reasoning and minimize misinterpretations. 

 All four pre-tests were administered within a five-day span and an instructional intervention was 

scheduled two weeks thereafter.  This learning session proceeded in the form of an interactive, activity-

based lecture that was attended by all participants at once.  Students were encouraged to participate 

through discussion, debate, experimentation, and investigation of situations designed to incite students 

to not only confront misleading intuitions, but also to establish a cognitive harmony in between their 

instincts and mathematical truth.  The lecturer guided participation as she judged necessary in order to 

guarantee that the proper connections were treated, but she allowed for the maximum level of student 

participation since the constructivist nature of the intervention was established as a priority.  As a result, 
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the instructor’s involvement was primarily restricted to posing questions to the group and directing 

dialogue. 

 A post-test was administered to each of the participants on an individual basis six to ten days 

following the instructional intervention.  The justification for this timeframe is two-fold: (1) the time 

elapsed in between the learning session and the post-test minimized the likelihood that the students’ 

answers were simply a replication of others’ conclusions from the lecture since this would likely be 

reliant upon short-term memory and thus would lose accuracy after a week; (2) by examining the 

students’ knowledge within few days of each other, the results of the post-test would be more 

comparable by reducing variability associated with the effect of time elapsed since the topics were 

covered.   

 The post-test’s format strongly resembled that of the pre-test both in terms of procedure as 

well as in objective.  However, the questions developed were created not only to evaluate the students’ 

susceptibility to fall victim to misconceptions, but also to evaluate their ability to reconcile their 

intuitions with the mathematical reality of the situation.  The problems were set in contexts that had not 

been explicitly treated in either the pre-test or the learning session; this characteristic constituted yet 

another safeguard against the results of the post-test being a simple reflection of the students’ ability to 

repeat information rather than understand concepts. 

 Both interviews and the lecture were led by the researcher in order to allow for consistency, 

flexibility in exploring avenues of interest as they arose, and familiarity with both the participants and 

the subject matter under scrutiny.   

 

3.3 Pre-Test 

The questions included in the pre-test (see section 7) were selected according to a specific purpose and 

ordered in an effort to maximize the probability of observing the students’ misconceptions, should they 

bear any. 

 The first question was chosen as a reference point for the rest of the test.  By weeding out what 

the student understands probability to be, it may become clearer whether or not the student’s 

education in Probability Theory has helped to dismiss or reinforce certain misconceptions.  For example, 

it might be hypothesized that a student could fall victim to the negative recency effect if she associated 

probability with the law of large numbers and so felt compelled to “balance out” the relative 

frequencies of the outcomes.  However, simply asking for a definition of a concept as abstract as 

probability could prove problematic for many students.  It is for this reason that a concrete situation was 

created using a fixed probability and the participant is asked what the statement means, rather than to 

define or explain it specifically in formal terms.  The probability of 1/6 was chosen for reasons of 

asymmetry; the fraction 1/2 was judged to be too familiar and too simple to elicit meaningful responses, 

whereas the less typical nature of the probability 1/6 allowed for diverse avenues of exploration. 
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The second question had a double objective: (1) to determine the candidate’s interpretation of 

the terms “probable,” “typical,” and “likely” (i.e. to establish the similarities, differences, and 

connections that the students have mentally constructed linking these three terms); (2) to verify the 

students’ susceptibility to fall victim to the cognitive illusion that Tversky and Kahneman (1971) call the 

“law of small numbers” which entails associating a higher probability of occurrence with the sequence 

whose outcomes’ relative frequencies are more representative of their corresponding probabilities 

(Piatelli-Palmarini, 1994). 

 The third question served to evaluate whether or not the student was subject to what is 

sometimes referred to as the “negative recency effect” (Piatelli-Palmarini, 1994).  This refers to the 

phenomenon by which an individual may be led to believe that after obtaining the same result of an 

experiment several times in succession, it becomes less likely to occur afterwards.  Such an effect would 

be captured in the pre-test by the student’s inclination to claim that it is more probable to obtain “tails” 

on the sixth coin toss. 

 The fourth question has motivation similar to the third one, but it was also utilized to determine 

whether the influence of the negative recency effect would increase with the number of consecutive 

identical outcomes.  In other words, will the fact that the coin toss under scrutiny is preceded by ninety-

nine “heads” rather than five render the student more convinced that it will land on “tails?”  Will it 

cause more hesitation to students who did not fall victim to the negative recency effect in question 3?  

Part b) of this question was inserted in order to make such comparisons as clear as possible by explicitly 

requiring the student to compare the probabilities associated with obtaining “tails” in these two 

contexts. 

 The fifth question was expected to be a potential source of conflict for some students who fell 

victim to the negative recency effect.  The reason for this is simple: in the situations examining coin 

tosses, the belief that an outcome (such as “heads”) is less likely to occur after having appeared several 

times in succession leaves only one other possible outcome (“tails”) to be considered the most probable 

upon the next performance of the experiment.  In contrast, when we consider the die-rolling question, 

the reduced probability of one outcome of occurring on the next roll (say “2”) still leaves several 

possible outcomes to consider (“1,” “3,” “4,” “5,” and “6”).  Thus, the most probable outcome of the 

next is not as clearly determined in this new context.  This question therefore served as a gauge to 

determine how the student would deal with such a conflict.  Would she determine that all other 

outcomes would be equally probable?  Would she correct herself and eliminate the negative recency 

effect?  It is important to note that the fact that this problem was presented after questions 3 and 4 

allowed us to establish whether or not the negative recency effect was a factor in the student’s decision-

making without this conflict influencing her responses to the coin toss situations. 

 Question 6 was designed to test the student’s susceptibility to associate a more “balanced” set 

of outcomes with a more probable set of outcomes.  Once again, we are dealing with Tversky and 

Kahneman’s “law of small numbers,” but this time it would potentially act in conjunction with the 

negative recency effect (Piatelli-Palmarini, 1994).  Would the student categorize the probabilities of 

each possible outcome according to its frequency of appearance in previous repetitions of the 
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experiment?  The most common misconception expected in this portion of the pre-test was that which 

entails the student’s belief that the probability of obtaining a particular outcome on the twenty-fourth 

roll is inversely related to its frequency of appearance in the first twenty-three rolls.  For example, the 

outcome “5” would be deemed the most probable to occur on the twenty-fourth roll since it was 

obtained the fewest times over the course of the first twenty-three performances of the experiment. 

 The seventh question was added to gauge the student’s understanding of, familiarity with, and 

dependence upon the law of large numbers in any form.  The motivation behind this was in part 

occasioned by the hypothesis that — had the student been introduced to the theorem or to some 

variation on it beforehand — this may constitute an underlying cause of the misconceptions listed 

above.  If the student was taught that the relative frequency of outcomes of an experiment must 

eventually balance out to represent their probabilities, she may be more inclined to inappropriately 

extend this idea to finite situations.  If a related notion had ever been encountered by the student, its 

influence should be marked by the candidate’s inclination to rely on the results of the greatest number 

of draws in order to obtain an approximate measurement of the probability of obtaining each outcome. 

 

3.4 Learning Session 

The instructional intervention, lasting approximately one hour, was planned as an activity- and 

discussion-based learning session in which the lecturer’s principal function was to guide the students to 

draw accurate conclusions, not to formally introduce a set of theorems and procedures utilized in the 

domain of Probability Theory.  She would lead the pupils through the lesson plan, press for explanations, 

force students to confront contradictions (or apparent contradictions), clarify terms, and push 

participants to consider particular links as necessary.  However, the teacher did not solve specific 

problems, she did not introduce algorithms, and she did not discourage students from following any 

given train of thought, be it erroneous or otherwise. 

 The activities were specifically designed to create cognitive links between mathematical notions 

and concrete applications.  They were therefore contingent upon both logical discussion and interaction 

with media.  For the sake of simplicity, the only type of experiment being considered over the course of 

the lecture was that of the coin toss.  The reasoning behind this choice is that (1) it was hoped that the 

simple and familiar nature of the coin toss would allow students to give the theory being discussed more 

attention since they would not have to focus on understanding the particularities of the experiment; (2) 

the connections between each topic covered would be easier to establish when the specific context is 

comparable (Fast, 1999; Brousseau, Brousseau, & Warfield, 2002; Jones, Langrall, & Mooney, 2007); and 

(3) when examining the students’ understanding of alternate situations, it could be more confidently 

stated that the solutions were based on examination and comprehension of the situation, as well as on 

extrapolation and application of relevant points of knowledge, rather than on recalling what was said 

about that particular situation during the lecture and “regurgitating the information” without a firm 

grasp on the theory. 
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 A PowerPoint presentation was employed (see section 7) in order to keep the lesson on track as 

well as provide visual support for the situations being considered. 

 The first activity involved in the learning session was a discussion aimed at pinpointing the 

different ways in which probability is described or defined.  With a frame of reference for the students’ 

thoughts on the subject, this may or may not be usefully referenced over the course of the instructional 

period when establishing how each of these explanations can generate or expunge misconceptions.  Of 

course, even if the responses generated were not revisited later on in the lecture, this activity does help 

to set the tone for the rest of the session: students must get comfortable participating and a dynamic 

environment must be established while introducing the topic under discussion. 

 The two following slides introduce two questions which are to be scrutinized and re-examined 

by the end of the lecture, but students are not required to formulate a complete and justified response 

to these problems the way it is expected of them in subsequent activities.  Nevertheless, by introducing 

the problem beforehand, the students are provided with direction and with the opportunity to consider 

how the topics being discussed during the instructional intervention could relate to the problems at 

hand over the course of the lecture. 

 Slides 5 to 7 in the presentation consist of a reasoning exercise constructed after examining the 

results of the pre-tests.  It was hypothesized that some students expressed difficulty viewing a pre-

constructed sequence of outcomes as a grouping of several independent experiments rather than as a 

connected whole.  This activity was designed to assist the students in understanding this phenomenon 

by creating a hypothetical need to reproduce a certain sequence through experimentation.  By breaking 

the sequences down into each of their components and comparing the probabilities in both cases, it was 

anticipated that students would be able to convince themselves that the sequences were equally 

probable, despite not being equally typical. 

 The next set of slides made up an exercise designed to illustrate the effect that an individual’s 

fallible memory could potentially play on the reliability of his or her personal experience.  Probability 

theory is meaningless if not connected to real experiences.  However, our recollection of the set of our 

experiences is far from precise.  Students often express difficulty seeing a sequence of outcomes such as 

“HHHHHH” as being realistic because they have likely never encountered such results.  However, they 

will feel more comfortable with the idea of the sequence “THHTHT” occurring in reality.  In response to 

this intuitive hazard, this activity was intended to confront the cause of such a perception.  Students are 

asked to pay close attention to a series of ten sequences of six outcomes that could be encountered 

while repeatedly flipping a coin.  The sequences are revealed one at a time (bolded for emphasis) and 

read aloud in order to allow for both visual and auditory memory to collaborate.  The students are 

allowed as much time as they desire to consider the sequences before moving on to the next.  The 

sequences are then removed from view before a new series of ten sequences of six outcomes is 

displayed and students are asked to vote on which sequences have been changed and which have 

remained intact.  The point of this exercise would be to illustrate that, while we may be able to 

remember certain characteristics of a sequence of outcomes, the specific details of the sequence are 

not so easily retained.  Since intuitions relative to probabilistic situations are anchored in experience, 
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when asked about the probability of a specific sequence appearing in a given context, individuals may 

naturally associate the sequence in question with a grouping of sequences with similar characteristics 

rather than with the sequence itself.  This may account for the fact that many individuals are inclined to 

say that “typical” sequences of outcomes are thought to be more probable to occur than sequences 

with uncommon characteristics. 

 The subsequent ten slides serve as a source of complimentary information to the previous set of 

slides; they include seven slides that illustrate the many possible combinations of outcomes when 

flipping a coin six times, subdivided according to the frequency of occurrence of “heads” and of “tails.”  

This should make it obvious that there exist more possible such sequences if the quantity of “heads” and 

of “tails” are more equally divided.    The last three slides of this section of the presentation consist of 

graphs compiling frequencies associated with the set of all sequences of six outcomes according to 

different perceptions: (1) the number of ways to obtain each sequence, (2) the number of ways to 

obtain each frequency of occurrence of “heads” and of “tails,” and (3) the number of ways to get a 

sequence made up entirely of “heads,” entirely of “tails,” or both.  With the students aware of the sense 

of confusion that accompanies their intuitive notions rooted in experience, it would be possible to 

examine extent to which this misinterpretation causes perceptions to be skewed.  For example, if it 

would be just as likely to obtain one head and five tails as to obtain three heads and three tails, then 

perhaps it would be as easier for all to believe that the sequences of outcomes HTTTTT and THHTTH are 

equally likely. 

 The next set of slides introduces an activity using jelly beans to illustrate the existence of finite 

limits of some expressions as we allow a variable to approach infinity without delving into the 

mathematically intimidating procedures associated with calculus.  It begins with reference to a bag 

containing four red jelly beans.  The students are asked to determine what proportion of the jelly beans 

in the bag are red.  The student are then asked to determine the proportion of red jelly beans in the bag 

after adding 100 or 10,000 more jelly beans that are half red and half green.  (It should be noted that the 

first portion of this problem could be accompanied by a demonstration of adding 100 half-and-half jelly 

beans to a bag containing four red jelly beans in order to help give the problem concrete meaning to the 

student.)  A similar procedure is then adapted to the problem using a initial value of 400,000 red jelly 

beans and subsequently adding 24,000,000 or 1,000,000,000 jelly beans that were half red and half 

green.  Calculations on each slide illustrate that the proportion of red jelly beans approaches 0.5 as 

more of the half-and-half mix is added and the final slide required students to consider the situation in 

which we start with 100,000,000,000,000 red jelly beans in a similar manner.  The set of “jelly bean” 

slides guide the students to realize that  regardless of the initial number of jelly beans being 

considered and of the ratio of red-to-total jelly beans  by adding a sufficiently large amount of jelly 

beans which are half red and half green to this initial sample, the combination’s proportion of red jelly 

beans will approach one half.  A couple of avenues intended to be explored in this part would be (1) to 

lead students to confirm that a large number of trials is not roughly equivalent to an infinite number of 

trials, i.e. all fixed values are relatively insignificant when compared to infinity, and (2) to guide students 

to realize that the proportion of outcomes in the infinite case MUST equal each of the outcomes’ 

respective probabilities be the very nature of the notion of probability.   
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 The following slide was inserted in order to allow students to draw on the recently examined 

“jelly bean example” and lead them to see the two ideas as non-contradictory through discussion, since 

the reasoning employed in the case of the jelly beans is analogous to the law of large numbers.  In other 

words, if we flip a coin and the first 𝑥 times it lands heads up, then this does not contradict the law of 

large numbers since this ratio would eventually be “diluted” by an infinite number of coin tosses roughly 

equally divided between “heads” and “tails.” 

 Since it cannot be stressed enough that the essence of Probability Theory is rooted in 

experience, experimentation remains an essential tool for teaching the fundamental notions of 

probability and it seemed only natural to incorporate it into the lesson plan. (Steinbring, 1991; 

Streefland, 1991; Thompson, 1992; Cobb, 2000; Brousseau, Brousseau, & Warfield, 2002; Jones, 

Langrall, & Mooney, 2007)  The experiment consists of attempting to reproduce the sequences “HHH” 

and “HHT” by flipping a fair coin.  It was chosen in order to challenge both the “law of small numbers” 

and “negative recency effect” misconceptions through realization of the situation.  Ideally, the lesson 

would have maintained its consistent examination of sequences of six outcomes since this would easily 

allow us to confirm previous claims and since it should be noted that testing longer sequences could 

potentially be more convincing due to the increased “unbalanced” characteristic of such sequences as 

“HHHHHH”, but the fact that the sequence of outcomes being tested is so short allows us to collect 

more data in a restricted time frame while illustrating a point.  The purpose of this portion of the 

learning session is simply to give the notions covered in class a firmer footing in reality and help to 

further reconcile empirical and mathematical knowledge. 

 The function of the last activity (a debate pertaining to the more probable outcome of the coin 

toss following five “heads”) is to encourage an exchange of ideas between students, all while (hopefully) 

dispelling the recency effect.  This portion of the course would allow students to make connections 

between all of the previous work done during the lecture.  For example, they may conclude that we 

would anticipate obtaining a T simply because there are many more sequences of outcomes that 

contain a T than are made up entirely of H’s.  However, the previous experiment will have demonstrated 

that the sequences “HHH” and “HHT” are equiprobable, therefore  this new problem being simply an 

extension of the same notion  it could be concluded that the sequences “HHHHHH” and “HHHHHT” 

are also equiprobable due to independence of outcomes or to the equiprobability of every specific 

sequence of the same length.  Students may even find their way to attributing their intuitive need to 

choose T to a tragic misapplication of the law of large numbers.  

 

3.5 Post-Test 

The post-test was administered in a manner similar to that of the pre-test.  Students were asked to 

“think out loud” and were provided with a pen, a calculator, a standard deck of playing cards, and 

sufficient space on each page to accommodate written work. 

 The first question was created in order to gauge three things:  (1) Was the student able to 

distinguish between an outcome being “typical” and an outcome being “probable?”  (2) Was the student 
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still subject to the misconceptions and hesitations displayed in the pre-test when it came to establishing 

that a typical sequence is equally probable to occur as an atypical sequence of the same length?  (3) 

Would the student be capable of correctly ranking a set of events according to probability?  By choosing 

a combination of single-sequence events and multiple-sequence events, we rule out the possibility of 

obtaining a response resulting from “learning by rote” since multiple-sequence events’ probabilities 

were not explicitly covered during the learning session. 

 The second question was employed in order to provide the researcher with a direct comparison 

in between the candidate’s abilities before and after the instructional intervention.  By reusing the same 

“balls in an urn” question that was administered during the pre-test (having only altered the numerical 

values), the changes in the pupil’s reasoning should be evident.  Once again, this problem was not 

discussed during the learning session, so the progress made by the student would be indicative of a 

higher level of understanding and a strongly interconnected knowledge of the topics covered. 

 Questions 3 and 4 were selected in order to examine the student’s ability to utilize sound 

probabilistic knowledge in the face of a commonly maintained misconception (in this case, the 

probability-typicality link).  This is an important skill to be acquired and the correct solution is a sign of 

truly the candidate developing a truly critical approach to problems.  The reason that this notion was 

covered in two separate questions: by considering both the situation in which the numbers are drawn 

with replacement and that in which they are drawn without replacement, it would be possible to 

establish whether the student recognises that the ideas covered during the learning session could be 

carried over to alternate situations such as sequences of dependent events. 

 The fifth question tested the student’s cognitive link between the law of large numbers and 

independence of events.  This problem’s function was to evaluate the candidate’s capacity to reconcile 

two seemingly contradictory probabilistic rules and to communicate the relationship clearly. 

 The last question evaluated the student’s ability to restrict her application of the law of large 

numbers to events that are independent, as well as her ability to recognize when she is dealing with 

such an event.  Would the candidate understand the need for each trial to be identical? 

 

3.6 Data Collection 

The interviews were recorded using a video camera and subsequently transcribed in order to facilitate 

analysis.  The video showed the question sheets in order to track both the questions being considered in 

the context, as well as the participants’ written work and relevant gestures.  The interviewer’s relevant 

actions were also noted in the transcript. 

The learning session was equally recorded and transcribed in order to note the relevant exchanges 

between students as well as interactions with the instructor.  The video showed all participants 

(including the lecturer) as well as the blackboard, the PowerPoint presentation and other materials 
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pertaining to the educational experience in order to permit an accurate analysis of the situation based 

on the particular learning context.   

 

3.7 Data Analysis 

With the exception of the first question of the pre-test and of the last two questions of the post-test, 

solutions to all problems were examined in an effort to extrapolate four separate aspects of the solution 

in accordance with Chevallard’s Anthropological Theory of the Didactic (ATD; Chevallard, 1999, 2002): 

the task, the technique, the technology, and the theory employed by the student while formulating a 

response to each question.  This procedure allowed for a detailed interpretation of the pupil’s cognitive 

structure pertaining to the topic under scrutiny. Therefore, each of these problems’ solutions was 

individually analyzed for every student on a case by case basis.  

 The other three questions were considered as a whole due to the ambiguous nature of what is 

deemed to be the “correct solution.”  Definitions and explanations being less easily broken down into 

components the way other tasks are, an overview summarizing the key points of the argument is instead 

created for each of the three questions and for each of the four students. 

  After the responses of each candidate were studied, an overall analysis was performed which 

outlined common areas of difficulty or contrasting aspects of the students’ understanding of the subject 

matter for both the pre- and post-tests.  Particular attention was paid to areas of interest such as the 

solutions to comparable questions as well as to recurring themes and shifts in reasoning. 

 

 

4. RESULTS & ANALYSIS 

 

In this section, the analyses of the three instances described in the Methodology are presented.  The 

first part consists of an overall review of the pre-test results, the second illustrates important 

characteristics of the learning session, and the third part is made up of an analysis of the overall 

outcome of the post-test.  The results of the pre- and post-tests are broken down according to task for a 

more localized consideration of the students’ answers.  In order to facilitate the reading of this section, 

the questions posed to students in the context of the pre- and post-test interviews are included at the 

beginning of each corresponding analysis. 

 

4.1 PRE-TEST 

Question 1 
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What does it mean when we say that an event has probability 1/6? 

 

 For the most part, students would refer to a “one in six chance” of the event occurring.   

 In three of these cases, students were capable of making indirect reference to randomness 

when questioned, but this was done by referring to examples of what MIGHT or COULD happen (e.g. 

student 2 said: “Well, even if it’s one event, it doesn’t mean that I have to draw a ball six times because I 

might get THREE balls red because I kept putting them back in, anyway.”)  This shows that they 

understand that the measure of probability is not an EXACT measurement of the event’s relative 

frequency, but it is important to note that this does not preclude the possibility that the students have 

still developed a mental conflict between probability’s measure and the notion of randomness.   

 The other student (student 3) made no reference to randomness, but she was the only one who 

made direct reference to likelihood.  Unfortunately, her interpretation of a given probability appeared 

to be subjective as she categorized different probabilistic values into “likely” and “less likely.”  It should 

be noted here that these terms were not employed in a comparative sense as one might expect, since 

upon being asked at what probability an event becomes likely, she replied “four over six.”  She had an 

understanding of the fraction 1/6 in specific contexts, but she could not link it to real-world situations 

which were atypical.  She associated the probability with a concrete example of a jar containing six 

beans, only one of which is red.  However, when challenged to consider a situation with continuous 

outcomes (“the probability of growing to be at least six feet tall”), she reverted back to her claim that it 

simply means “less likely.”  The student — claiming to be extremely visual — was then asked what she 

visualized when she heard of the 1/6 probability of growing to be at least six feet tall, she replied that 

she “saw pizza,” and thus was fixated on the fractional value, but could not connect it to the situation. 

 In general, students would tend to revert to examples in order to explain probability, but the 

fact that they refer to textbook cases makes it difficult to discern whether their knowledge stems from 

understanding or from over-familiarity with recurring probabilistic situations. 

 

Question 2 

 

Consider the situation in which we flip a fair coin eight times and note the outcomes by H (“heads”) or 

T (“tails”).  Observe the following two sequences of outcomes: 

A. H H H H H H H H 

B. T H H T T H T H 

a) Which of the sequences of outcomes above is more probable? 

b) Which of the sequences of outcomes above is more typical? 
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c) Which of the sequences of outcomes above is more likely to occur? 

 

This question brought to light a clear disconnect that occurs in the minds of the students interviewed 

between what they were TAUGHT and what they BELIEVE.  The terms “probable,” “typical,” and “likely” 

were considered to bear the same meaning to all of the students interviewed but one; student 2 

interpreted the word “probable” to have a mathematical basis, but she associated the expressions 

“more typical” and “more likely” with experientially-based intuitions.  “’Probable is...” she began.  “Just 

mathematically, is it probable one way or the other, I guess...  Logically speaking, probable, heads or 

tails, I don’t know...  ‘Typical’ is average.  And ‘likely’ is also kind of...  Ok, so ‘typical’ means that will 

happen more often than not and then ‘likely’ is which one I think is more realistic to occur if, I guess, I 

flipped a coin.” 

 Yet, despite these differences, there unmistakably exists a common contradiction in the minds 

of the students questioned between what they have learned in school and what they have learned 

through experience.  A consensus was reached among all of the candidates in this study that, although 

they have been educated to recognize that either of the two sequences provided in the question are 

equally probable, the veracity of such a claim is far from understood and trusted.  Even students with 

the ability to mathematically argue the equiprobable nature of the sequences were left with the 

unsupported (but unshakable) intuition that obtaining the same outcome eight times in a row is much 

less likely than obtaining the sequence of “mixed-up” outcomes listed in the question.  “I know every 

time you flip it, it’s always a fifty-fifty chance,” stated student 1.  “But yet, I’m still leaning towards B 

because it’s more...  It seems more realistic that you won’t get heads eight times in a row.  *...+  *I+f I took 

out a coin and flipped it eight times, I really don’t ever see it being heads eight times in a row.  Whereas 

the other one, because it’s a mix, actually I think it’s fifty-fifty, eh?  Yeah.  And it’s a mix; it’s mixed up.  

So that’s more typical of it happening; there’s more chance of it happening.”  Such instincts, if not 

reconciled with the theory, can result in a general scepticism towards probability as a subject matter 

and may lead the students to reject the notion of mathematics as a reliable tool for representing the 

world as they know it.  Student 4 showed signs of this phenomenon when she exasperatedly said: “So 

there is no probability of getting something.  I don’t BELIEVE in that because I don’t UNDERSTAND it!” 

 

Questions 3 & 4 

 

3. Consider the situation in which we flip a fair coin six times and the first five times we tossed the 

coin, it came up “heads.” 

Which is the more probable outcome of the sixth coin toss (H or T)? 

 

4. Consider the situation in which we flip a fair coin 100 times and the first 99 times we tossed the 

coin, it came up “heads.” 

a) Which is the more probable outcome of the 100th coin toss (H or T)? 
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b) How does the probability of obtaining “tails” (T) on the 100th coin toss in this context 

compare to the probability of obtaining “tails” (T) on the 6th coin toss if the first five coin 

tosses yielded “heads” (H)? 

 

Independence, though never explicitly mentioned by the interviewees, seemed to be a common point of 

understanding in the context of questions 3 and 4.  All students correctly responded that “heads” and 

“tails” were equally probable to be obtained on the last coin toss in both situations.  In student 2’s case, 

the notion of independence was disguised by the fact that she treated all sequences of a given fixed 

length to be equiprobable.  In the other cases, it was denoted by the fact that each coin toss has no 

influence over the following coin tosses.  “I don’t see how any of the flips affect the next one,” said 

student 3.  “In my head, they’re each on their own.  I don’t see how they’re connected.  *...+  So even if it 

flipped ninety-nine times before, I still feel like my next flip still has those fifty-fifty odds.” 

 This agreement, however, did not disqualify the student’s ability to struggle with the question.  

Granted, the most widespread difficulty was that the candidates had difficulty imagining that a coin 

would ever land “heads” up 99 times in a row.  This incredulity, though not an integral part of the 

reasoning required to solve the problem posed, did give each of the students pause as they attempted 

to convince themselves that the scenario was plausible before proceeding with their solution.  “Flipping 

‘H’ or ‘T’ ninety-nine times in a row seems very unlikely because it’s ninety-nine times,” commented 

student 4.  “I guess the larger the number...  I guess...  I guess the larger the number, the more 

probable...  No.  That’s just, that just seems unlikely to me.  The larger the number, the more confused I 

get.  I’m just trying to think about how to think about this.  I don’t...  No!  I DO think!  This is VERY, very 

possible.  You can flip a coin and get ninety-nine times ‘heads.’  And again...  ‘Which is the more 

probable outcome of the 100th coin toss?’  Fifty-fifty.”  Perhaps students were more comfortable relying 

on the mathematics of these situations because they have no experiential frame of reference for what 

occurs after you flip a coin that lands on “heads” 99 times in a row.   

 Also, it is possible that the fact that the students were asked to justify their claims in question 2 

may have led them to believe that they would have to provide an explanation for whichever choice they 

made in questions 3 and 4, thus influencing their answers.  In other words, if the probability of obtaining 

“heads” is not the same as that of obtaining “tails” in the context described by the problem, then why 

would that happen?  And what WOULD those probabilities be?  In truth, only one of the interviewees 

showed signs of the negative recency effect at this point.  “Because I feel like it can’t be perfect, so it has 

to end up ‘tails,’” stated student 3 in reference to question 4.  When asked why such perfection was not 

an option, she replied: “No, it’s not IMPOSSIBLE.  I just think that you’re wrong to get one.”  It should be 

noted here that she corrected herself later on and claimed that she only made the claim that “tails” 

would be the more probable outcome due to the fact that she believed that she HAD to choose ONE 

outcome to be the most probable.   However, had these questions been utilized EARLIER in the 

questionnaire, such that the students would not have been aware of the fact that they would be asked 

to justify their claims, we may have seen a slightly different set of responses. 
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 Nevertheless, it is interesting to note the concept of independence appears to be at least 

somewhat understood when examining the students’ justifications in questions 3 and 4, but it does not 

exert a clear influence on the solution of question 2.  This could be a sign of a fundamental difficulty 

recognizing independence in all settings.  The set of outcomes already recorded and grouped together 

as a sequence appeared to leave the students considering the group as a whole, rather than as a set of 

independent outcomes. This would leave them susceptible to the types of errors that were recorded 

during the pre-test, as they are seduced by the typicality associated with the sequence “THHTTHTH.” 

 

Question 5 

 

Consider the situation in which we roll a fair die 6 times and the first 5 times we rolled 2’s 

Which is the more probable outcome of the 6th roll (1, 2, 3, 4, 5, or 6)? 

 

The results of this fifth question are similar to those obtained in questions 3 and 4.  That is, the students 

all identified that each outcome was equally probable and listed independence (in some form) as a 

justification.  The probability of obtaining any of the six possible outcomes on the last roll of the die was 

determined to be 1/6, although it was not specified that such information was necessary and the fact 

that the die was “fair” or “unbiased” was cited by all to support their claim when prompted to explain 

how they arrived at such a conclusion.  All of the candidates but one correctly replied that, if the die 

WERE biased or “unfair,” then the results of the first five rolls would be relevant to anticipating the 

outcome of the sixth roll.  “If it was an unfair dice, then I would go for the outcome,” said student 1.  “I 

would go for the average outcome of the previous stuff.  [...]  [S]ay it would come up 50% of the time a 2 

and then 10% of the other ones — like in the — like, say I had twenty like that and it came up ten 2’s 

and all the other ones split up, I would say ‘keep going for 2...’  *...+  Because it already came up twice 

before and the other ones didn’t come up so if it’s an unfair dice, the probability and the chances of 2 

coming up are more likely than the other ones, as we have seen.” 

 

Question 6 

 

Consider the situation in which we roll a fair die 24 times and the first 23 rolls yield the following 

sequence of outcomes: 

1,3,5,4,6,2,2,3,2,4,1,6,6,1,3,4,6,2,4,5,2,3,1 

Classify the possible outcomes (1, 2, 3, 4, 5, or 6) of the 24th roll according to probability from most 

probable to least probable? 
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Once more, all students arrived at the appropriate final answer “every outcome is equally probable” 

based on independence.  Nevertheless, hesitations were all but uncommon and surprisingly 

inconsistent.   

 Students 2 and 3 were inclined to say that 5 (the outcome that appeared the fewest times in the 

sequence of outcomes presented in the question) was MORE PROBABLE to be obtained on the last roll 

of the die.  These candidates fall victim to the negative recency effect, but the explanations associated 

with this inclination are distinct.  Student 3 felt, quite simply, that “the 5 doesn’t come up much, so 

maybe it needs a turn.”  Student 2, on the other hand, made distinctions between what was PROBABLE 

to happen and what SHOULD happen:  Perhaps based on familiarity with expected values (and expected 

frequencies), she claimed that each outcome 

SHOULD appear four times out of the 24 rolls 

of the die and, consequently, she would be 

more inclined to believe that a 5 SHOULD 

appear on the 24th roll, though she admitted 

that this did not make the event more 

PROBABLE.   

Of the two remaining students 

interviewed, one (student 1) expressed 

symptoms of the POSITIVE recency effect — 

that is, she felt compelled to choose the 

outcome which has occurred the most 

frequently in the sequence of the first 23 rolls 

—, but this confusion was temporary and may 

have been brought on by the recent discussion 

of how problems’ interpretations are changed 

if we declare the die to be biased.  “What I was 

about to do was I was about to see how many 

times, like what was more popular,” she 

explained.  “And I was going to say: ‘Well ok, 

it’s going to be that one.’  *The student 

indicates the row in which the 2 outcome with 

the highest frequency of five are written.]  So 

I’d put it on that one.  But then I remembered again, you’re just rolling a dice; it doesn’t matter what 

happened before.  *...+  I think they’re all equal for the 24th roll.” 

 The last student launched into a series of calculations which she was unable to explain before 

resting on the simple solution of equiprobable outcomes (see figure 3).  In this final case, the student 

seemed to have a problem accepting simple solutions to mathematics problems and frequently pursued 

such irrational avenues in a desperate attempt to reconnect with the familiar feeling that “mathematics 

should be difficult.”  

Figure 3: Student 4's written work pertaining to question 6 of 
the pre-test (the student's name was blotted out in order to 
maintain confidentiality) 
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Question 7 

 

An urn contains both red balls and white balls.  By drawing a series of balls at random from the urn, 

replacing them in the urn each time, we obtain the following outcomes: 

Of the first 4 draws, 3 balls are red and 1 ball is white. 

Of the first 18 draws, 7 balls are red and 11 balls are white. 

Of the first 60 draws, 20 balls are red and 40 balls are white. 

Based on this data, what proportion of the balls in the urn would you expect were red? 

 

The solutions provided by students in the case of question 7 varied widely. 

 Three of the four students interviewed indicated that, for a large number of trials, “the odds will 

take over,” i.e. the relative frequencies of the results after a large number of draws would be 

increasingly representative of the contents of the urn.  These three students were also in agreement 

about the assumption that there would be more white balls than red balls in the urn based on this 

aforementioned idea.  However, the ANSWERS provided were anything but in accord with one another.  

Student 1 guessed that there would be roughly 65-70% white balls in the urn by taking into account the 

results after four, eighteen, AND sixty draws, but also by allocating an increasing level importance to 

each of these sets of results as the number of draws grew.  “So I think the bigger sample is the one to go 

with,” she stated.  “And if you go with the next one, it’s the second biggest one and it’s still white that’s 

dominant.  And four — that’s why I don’t want to give it all to red, BECAUSE of four.  Because here is 

dominates; so it’s like separating.  *...+  I get a better sample; I get a better idea.”  Student 2 supposed 

that there would be 1.5 to 2 times more white balls than red balls.  She reasoned that if the relative 

frequencies of the outcomes would become sufficiently close, then they must be representative of the 

urn’s contents as follows:  “They’re close, see?  *The student connects the ‘1½’ and the ‘2’ that she used 

to estimate the white-ball-to-red-ball ratio after eighteen and sixty draws using a curved line.+  They’re a 

big number of draws apart, but they’re both at about between one and a half and two times as many 

white balls as red balls.  So I think that’s a little more reasonable than looking at that first one *she points 

to the results after four draws+.  Because it’s close in numbers so that it’s still reasonable.”  Thus, having 

concluded that these values were “close,” she established that the contents of the urn could be nearly 

determined by the aforementioned relative frequencies.  The third of these students failed to provide an 

answer to the question, though she DID conclude that there should be more white balls than red balls.  

“If you’re drawing more white balls than red balls, it would seem there’d be more white balls,” she 

explained.  “You’re more probable of getting a white ball because there’s more of them.”  Moreover, 

she was capable of approximating the expected frequency of occurrence of each colored ball when 

provided with a theoretical description of the urns contents after a large number of draws, but she 

failed to make the connection between this notion of expected frequency and its converse application 

to maximum likelihood estimators. 
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 Student 4 did not make any mention of sample size or refer to the influence of the results at all, 

since she believed that, as long as there are both red and white balls in the urn and each ball is replaced 

after every draw, any sequence of outcomes was possible.  As a result, she claimed that there would be 

one red ball and one white ball in the urn, since anything more would be superfluous.  “Because since 

you’re putting the ball back in each time, you only have to have two balls,” she reasoned.  This reasoning 

went hand in hand with what seemed to be her probabilistic mantra “anything could happen.” 

 

4.2 LEARNING SESSl0N 

Generally, the learning session unfolded as designed; the activities accomplished their anticipated goals 

and no insurmountable obstacles arose.  Although some participants were quieter than others, all four 

students actively took part in the discussions, debates, and activities planned without prompting being 

required.   

 Over the course of the lecture, students’ participation included asking questions as the material 

was covered.  This aspect of the session complemented the discussions by not only allowing further 

clarification while addressing concerns and sources of confusion, but it also gave students the 

opportunity to fine-tune their communication skills since they would also respond to their peers 

questions.  In addition to this element of the instruction period forcing students to organize their 

thought into communicable, verified structures, it also allowed the instructor to monitor the 

participants’ progress and understanding to a certain degree throughout the lecture.  The following 

exchange is a prime example of such inquisitions aiding to make the material more comprehensible to 

all, as one student struggles to grasp the main point of the memory exercise as it relates to typicality 

while the class considers the phenomenon of being more comfortable with a coin landing to form the 

sequence THHTHT than the sequence HHHHHH: 

Lecturer:  Ok.  So you’re saying that they’re equally probable? 

Student 2:  Yeah. 

Lecturer:  Does that seem WIERD to you? 

Student 1:  No. 

Student 2:  Yes.  [Student 2 giggles.] 

Lecturer:  No?  Yes?  No?  Yes?  If I had asked you completely outside of the context of a 

math class...? 

Student 2:  Ok.  Yeah.  If I was an eight-year-old child, then that would seem very odd to me 

and I might have a hard time with it, but because I’m older and maybe I UNDERSTAND it a 

little better, it’s not that odd.  But if I was a little kid learning this for the first time, I’d be like 
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“No!”  You can’t get all heads and let that be the same probability as getting a mix of the 

two. 

Student 1:  But at the same time, if you’re walking down the street and you see a guy 

betting with someone flipping coins and stuff, if he got ten heads in a row, you’d be like 

“Whoa!”  You’d be like “That’s cool!  You’re good!”  Even though there is no difference. 

Student 2:  Well that’s because typically that doesn’t happen, right?  So the kids would have 

a hard time understanding that.   

[...]   

Student 3:  It has to be in that order? 

Student 2:   Well, yeah, it has to be in that order, but she’s asking why we were more 

comfortable with it even though that order has the same probability as the first one.  It’s 

more likely to end up with the three-three, so in ANY order I’m going to decide in my brain, I 

guess, that it’s more likely right? 

 One interesting phenomenon noted during the lecture was that the indications that the 

students were victims of misconceptions vanished almost immediately upon the initialization of 

discussion.  This was likely the result of having peers present to support any methods or ideas that 

they were unsure of during the pre-test.  In other words, it is possible that students were more 

inclined to place their confidence in the concepts that they had learned in the context of a 

mathematics class since all present had been subject to a similar standardized education on the 

topic.  Moreover, students probably felt the need to agree with ideas being shared as long as they 

seemed familiar, but the first notions that were brought up in the presence of others were always 

of the “standardized education” variety.  Nobody would lead with a statement about what they 

think is wrong with or inaccurate about probability; they would instead stick to what they were 

taught, possibly in order to avoid appearing foolish or poorly educated.  The consequence of this 

line of conversation is the initial concealment of the participants’ misconceptions and discomfort -

― despite the fact that these had been previously identified during the task-based interviews ― 

due to the other students’ influence. 

 Communication abilities seemed to improve as the lecture progresses, partially due to the 

fact that the students were developing a vocabulary that permitted them to clearly reference 

particular ideas. 

 It should be noted that the students appeared to maintain interest throughout the 

learning session.  This was not a specific aim of the lesson plan’s design, however it did help make 

the rest of the goals more easily achievable by keeping the participants engaged in the learning 

process. 

 It was surprising to observe that the notions of infinity and of limits posed few problems 

insofar as the students’ comprehension of the material was concerned.  In contrast, one 
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unanticipated difficulty that was encountered upon transcription was the inconsistency with 

which all participants made the distinction between a given sequence of mixed outcomes and a 

nonspecific sequence of the same nature (e.g., student 2 said: ”Like, when you’re looking at it, 

that I would have the same likelihood of flipping a coin fifty times and getting all heads as I would 

getting a mix.“) Although the meaning may have been clear to many due to the context, this 

might have served as a source of confusion for some and should be taken into account by anyone 

who seeks to utilize this lesson plan. 

 Overall, the learning session appeared to be a success with regard to the goals that we 

had established when crafting the lesson plan.  Participants showed signs of improved 

probabilistic understanding without needing to write their intuitions off as being unfounded.   

 

4.3 POST-TEST  

Question 1 

 

A fair coin is flipped eight times in a row.  Consider the possible outcomes of this experiment below: 

A. The sequence HHHHHHHH is obtained. 

B. The sequence obtained contains both H’s and T’s. 

C. The sequence obtained contains exactly four H’s and four T’s. 

D. The sequence HHTTTHHT is obtained. 

E. The sequence contains at least one T. 

a) Classify the outcomes listed above according to probability from most probable to least probable. 

b) Classify the outcomes listed above according to probability from most typical to least typical. 

 

Two of the four students (student 1 and student 2) correctly placed the events in order and cited the 

specificity or the restrictive nature of the descriptions of the relevant outcomes to be inversely related 

to the probability of the associated event.  “Well, then *event “E”+ is more probable because [in event 

“B”+ you’re restricting me of something extra.  *In event “E”+, you’re only restricting me of this sequence 

*“HHHHHHHH”+ and *in event “B”+ you’re restricting me of TWO outcomes out of how many outcomes,” 

explained student 1.  Student 2, in turn, not only made use of a similar argument, but she also took note 

of the inclusiveness of some events into others in this context: “Since *event ”E”+ can qualify as *event 

“B”+ AND plus one extra since “all T’s” counts in *event “E”+ and not *event “B”+, maybe “E” will be a 

LITTLE BIT higher than “B.”  But I see them as MOSTLY the same because there would be ONE extra one 

that could suit “E,” because “all T’s” could be “B” but not “E.”  If you’re flipping a coin eight times, it’s 

very close to the same.” 

 The two remaining students offered up the idea that all of the events are equally probable 

based on the fact that all sequences of eight coin tosses are equally probable.  Although this solution to 
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the problem is incorrect, it is suspected that this is due to a misinterpretation of the question’s meaning, 

rather than to faulty mathematical knowledge.  Student 4’s explanation supports this theory:  “THESE 

ones mean the same thing [the student traces a long bracket around the left-hand side of events ‘B’ 

through ‘E’].  [...]  THIS one [the student circles the letter ‘A’] does not mean the same thing because it 

doesn’t have any T’s in it.”  It is entirely possible that she had understood that she was being asked to 

compare the probabilities of a SINGLE SEQUENCE representative of each event, since this would explain 

why she viewed events “B” through “E” to be equivalent, as the sequence “HHTTTHHT” would be 

representative of all four events.  Student 3 may have fallen into the same trap, since she spent her time 

justifying why any two eight-coin-toss-sequences are equally probable and she began her solution with 

“So ‘most probable’: I would say ‘any of them.’  I wouldn’t be able to classify that.  They all have a fifty-

fifty chance.”  Here, the term “fifty-fifty” was used interchangeably with the idea of equiprobability, so 

the misconception that the question requires them to compare a SINGLE SEQUENCE to another would 

explain this fixation. 

 On the whole, this question shows a dramatic improvement in the students’ abilities to 

distinguish between “typicality” and “probability” without destroying the connection between the two 

notions in the students’ minds.  (The responses to the second part of this question closely resembled 

those to the first part for all students, with the clear understanding that event “A” is atypical but no less 

probable in common.)  This acquired comfort can be associated with the reasoning exercise and the 

recognition from memory activity in the lecture that allowed students to move past the distracting 

superficial characteristics of outcomes and adhere only to the relevant mathematical properties. 

 

Question 2 

 

An urn contains both red balls and white balls.  By drawing a series of balls at random from the urn, 

replacing them in the urn each time, we obtain the following outcomes: 

Of the first 8 draws, 3 balls are red and 5 ball is white. 

Of the first 30 draws, 16 balls are red and 14 balls are white. 

Of the first 100 draws, 60 balls are red and 40 balls are white. 

Based on this data, what proportion of the balls in the urn would you expect were red? 

 

The answers to the second question truly illustrate the extent to which the learning session was 

effective.  Although the balls-in-an-urn problem was never discussed, nor was the applicability of the 

law of large numbers per se, the students had all successfully moved from the “guessing” methods that 

they had demonstrate in the pre-test to the accurate assessment of the situation using mathematically 

sound arguments in the post-test.  All four students correctly answered the question and justified it 

accordingly, but what is even more remarkable about the students’ responses lies in the details. 



27 
 

 Student 1 demonstrated an internal conflict between what she believed the answer to be and 

what she would be more comfortable with.  When asked how she would react to the situation if the first 

million draws yielded seven hundred thousand red and three hundred thousand white balls, she replied:  

“I guess that I’m saying that then I would say seventy, but I think I would still hope it was just a LITTLE 

BIT lower.  *...+  I don’t even know why.  I just would because of this data *she indicates the results from 

the original question.”  Nevertheless, she managed to identify the misconception for what it was and 

focus on the mathematics of the situation rather than on the misleading intuitions. 

 Student 3 was offered the opportunity to show off her problem-solving skills in the context of 

real-world context.  She explained that her answer was merely an approximation, so when asked what 

she would do to be more sure of the exact makeup of the urn’s contents, she replied that she would “do 

more draws.” 

 Student 4 demonstrated a firm grip on the notion of randomness and luck, all while finding 

explanations to justify the increased reliability of results using more trials and to complement the law of 

large numbers:  “It’s like getting “HHHH” in the sense that there can be sixty percent, but you can still 

pull out more white somehow.  Kind of like luck of the draw.  [...]  You still probably will get sixty 

percent, you still might get sixty percent of the balls being red and forty percent of the balls being white.  

However, there is a probability that you CAN get more white than red and get thrown off by that, even 

though there ARE more reds, because it’s always luck of the draw.”  When asked if obtaining six hundred 

thousand red balls out of the first million draws instead of sixty balls out of the first hundred draws 

would give her more confidence in her answer, she enthusiastically replied:  “Yes!  Probably because 

there’s — here there’s only a twenty ball spread *she indicates the third line of the results portion of the 

question+, whereas with the million, there’s a two hundred thousand ball, although the ratio is still the 

same.  *...+  It would confirm it MORE, but it still wouldn’t make it certain.” 

 Student 2 made informal reference to the notion of confidence intervals, a concept she would 

never have previously seen in the classroom, being the least educated among the four students in the 

domain of probability theory.  “So at a hundred, I feel a hundred, you know, eight and thirty, you know, 

it’s pretty a small number, it’s not really a large number,” she said.  “When you start getting into a 

hundred and beyond, you know...  So I expect *the ratio of outcomes+ would change a little bit, but I’d 

say, based on what you gave me here, I’d have to expect about sixty percent, plus or minus.  But I’d have 

more of a gap for the plus or minus than maybe I would if these were a thousand balls, say [the student 

points to the last line of the results portion of the question].  Maybe it would be like — instead of plus or 

minus TEN percent — it might be little less, because the more you draw, the more you’d EXPECT it to...  

Be a little bit better.  So out of a hundred, plus or minus sixty.  PERCENT, not balls.”  We should note 

here that the student had previously mentioned that it was possible that — despite the results of the 

first hundred draws — it was believable that the urn’s contents were half red and half white.  

Consequently, she was presented with the alternate set of results which included obtaining six hundred 

thousand red balls out of the first million draws and was asked if she still found the idea of the urn’s 

contents being equally divided in between red and white balls to be believable.  “Fifty would be a little 

far from what I would expect at that point, with a million balls.  Because ten percent of a MILLION balls 
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is quite a few draws.  So I’d expect it to be a little less of a GAP of plus or minus.  At a hundred, I’d have 

to leave room...” 

 Due to the fact that this type of question was not explicitly examined during the learning 

session, yet the results have so dramatically improved (refer to the discussion of question 7 in the pre-

test), we can conclude that the students have acquired a much higher degree of critical thinking than 

that demonstrated during the pre-test.  This could be attributed to the structure of the lecture, which 

required students to carry their understanding of certain situations over to novel problems.  It is very 

likely that the students have come to make this type of mental connection a habit in the context of our 

sessions together and now seek to draw on previously acquired knowledge regularly and intuitively in 

order to solve the problems posed to them. 

 

Questions 3 & 4 

 

3. Tanya and Mary both play the Lucky Stars lottery every week (6 winning numbers between 1 and 

49 are drawn at random with replacement).  Tanya always plays the same numbers: 6, 12, 15, 29, 

33, and 38.  Mary always plays the numbers 1, 2, 3, 4, 5, and 6.  Tanya stated that his numbers 

were much more probable of being drawn than Mary’s.  Mary then replied that his numbers had 

the same probability of winning as Tanya’s numbers.  

a) Who is right?  Explain your answer. 

b) Why would the misconception in play be so widespread? 

 

4. Mark and Jim both play the 6/49 lottery every week (6 winning numbers between 1 and 49 are 

drawn at random without replacement).  Mark always plays the same numbers: 6, 12, 15, 29, 33, 

and 38.  Jim always plays the numbers 1, 2, 3, 4, 5, and 6.  Mark stated that his numbers were 

much more probable of being drawn than Jim’s.  Jim then replied that his numbers had the same 

probability of winning as Mark’s numbers.  

a) Who is right?  Explain your answer. 

b) Why would the misconception in play be so widespread? 

 

Once again, all four students correctly answered both questions, relying on typicality and equiprobability 

to justify their answers accordingly.  Student 4 made such remarks as “Well, what would make thirty-

three more probable to come out than number one?  Nothing!” and “People would not expect this to 

come out because it’s just too orderly *she indicates Jim’s selection again+.  *...+  Because people don’t 

expect perfection.” 

 Student 3 accurately answered the question and drew on a couple of other experiences to 

justify her claims.  She referred to the coin-toss experiment covered during the learning sessions to 

explain the misconception as follows:  “I guess this is the same as the heads-tails thing...  [...]  People 
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thinking that it’s not as probable to get heads, heads, heads, heads, heads, heads six times as heads, 

tails, heads, tails, heads, heads or whatever.  *...+  Because it’s more random.  So it’s more TYPICAL to get 

this [she indicates Tanya’s selection+, but it’s not necessarily more probable.”  It should also be noted 

that the words “with replacement” and “without replacement” were bolded and underlined in questions 

3 and 4 in order to make the difference between the two clear, but student 3 brought to light the fact 

that this is interpreted by some to mean that such characteristics of the problem should play an 

important role in the solution, thus generating confusion in this particular context when it fails to 

influence the student’s answer at all.  “I know it has something to do with it *the student indicates the 

words “without replacement” in the question+, but I don’t know how,” she said.  “You’re tricking me!  I 

feel like it changes it, but I’m not convinced enough to change my answer.  I still think that it’s just as 

likely: the same answer I gave you.  It might be more typical to get this [she underlines Mark’s selection], 

but it’s just as probable to get this one *she underlines Jim’s selection+.”  This is yet another example of 

increased critical thinking abilities on the part of student 3, since she managed to fight her instincts 

based on superficial beliefs and arrive at the correct conclusion.   

 What is more, both conclusions were by and large arrived at with little hesitation or conflict.  

This is particularly interesting when we compare the results here to those of the pre-test in which the 

students commonly demonstrated a discomfort, or even confusion, at the idea that the sequences 

“HHHHHHHH” and “THHTTHTH” were equally probable.  In the case of student 1, the reference to 

typicality was made prior to her reading the second part of the question, thus indicating that the 

tendency to distinguish between mathematically sound reasoning and misleading intuitions has become 

an integral part of her thought process. 

 These results are evidence that the students have learned to assign less and less credibility to 

mathematically unfounded tendencies.  The education that they received during the instructional 

intervention pertaining to the distinction between and the reconciliation of the notions of probability 

and of typicality have surely aided them in the acquisition of this ability and the development of more 

concrete critical analysis of situations. 

 

Question 5 

 

How can we assign any credibility to the law of large numbers if we claim that the probability of 

obtaining “heads” on a coin toss is still ½, even if the last 1,000 coin tosses all turned up “heads” as 

well?  In other words, how is it possible that both of these ideas are accurate? 

Recall:  The law of large numbers pertains to the idea that if we repeat an experiment infinitely many 

times, then the proportion of times each outcome appears will reflect its probability of occurring in 

any given trial. 
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The question posed in question 5 was of a complicated nature and was not expected to be easily 

answered by students with backgrounds comparable to those interviewed; proofs are not typically 

encountered by those who do not pursue advanced education in mathematics, limits were never taught 

to any of the students who participated in this research outside of the context of the learning session, 

and the ability to clearly communicate the notions necessary to rationalize the situation described were 

far from commonplace during the administration of the pre-tests.  Nevertheless, the results were 

interesting, to say the least...   

 Student 1 never provided a coherent solution to the problem posed in this question.  She was 

convinced that both the independence of the tosses and the law of large numbers were accurate, but 

she was unable to reconcile the two ideas.  “Because the law of large numbers says that it will reflect 

the probability.  I don’t know.  I would tell you that the one-thousand-and-first would be a fifty-fifty.  But 

I would say that...  I don’t know.  They ARE both accurate.  Oh, I don’t know what to answer you.  It 

WOULD be fifty-fifty the next time, because it’s fifty-fifty every time; it doesn’t matter if it’s a thousand, 

a hundred, the first time, whatever.  I mean, it’s not typical that this is going to go down, that you’re 

going to flip it a thousand times.  But, I mean, the fact that you flip fifty-fifty every time doesn’t reflect 

how many times you actually do it.  I don’t know.  I don’t know what to answer you.  I’m sorry.”  The 

student did however demonstrate a rudimentary understanding of limits using the example of the jelly 

beans covered during the learning session when prompted:  “Like if you have four red jelly beans and 

you only add ten of each to both sides.  So now you have fourteen and ten.  So it’s still a bigger 

percentage difference between ten and fourteen than if you added a hundred to both of them and now 

the four is not significant.  And yet there’s still a difference, so the probability difference is smaller.”  

Unfortunately, even after discussing the jelly bean experiment, she failed to make the connection with 

the problem in question.  Nevertheless, she did demonstrate understanding of the concepts 

INDIVIDUALLY; she simply hadn’t created a fully interconnected schema of her knowledge in this context 

yet. 

 Student 3 appeared to have a grasp of the idea behind independence of events, but there did 

still appear to be some obstacles to the student grasping the notion of “infinity.”  It would appear that 

she takes the law of large numbers to mean that the likelihood of the ratio of outcomes being 

representative of their respective probabilities of occurring is increasing as the number of trials 

increases.  Certainly, this is a valid conclusion to be drawn, but it does still have the potential to cause 

inaccurate conclusions to be drawn in particular cases since the student’s understanding is still 

incomplete.  “Each coin toss is in and of itself; you still have a fifty-fifty chance to do each one.  Each one 

is its own; it’s not necessarily connected to the thousand tosses before.  But typically, when you do that, 

it ends up being — like you were saying — it ends up being kind of a ratio of half heads, half tails.  That 

kind of sets up what happens, but it’s not necessarily...  It’s not...  Like, it’s not for sure; it’s just likely to 

happen.”  This student’s understanding of the law of large numbers seems to be comparable to the 

notion of confidence intervals or of minimum sampling size.  These are, of course, relevant ideas with 

great applications, but from a strictly probabilistic point of view, they are restricted to concrete 

situations without the concept of “infinity” to rely on for justification of situations such as these.  “I think 
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by a thousand it would be roughly five hundred to five hundred.  Roughly there.  But I think a thousand 

is enough to get the idea of the proportion a little bit.” 

 Student 2 initially appeared to be claiming that the number of heads and the number of tails 

would directly balance each other out in a predictable manner. “Because it’s likely that on the thousand-

and-first draw, you get all the way to the two thousandth draw, you get all tails.”  When asked if this 

explanation made the 1,001st coin toss more probable of landing on “tails,” the student replied: “No.  

Because you said ‘infinitely,’ so if you keep doing it infinitely, you can get anything.”  A similar set of 

responses followed when the student was questioned about alternate scenarios in which we obtained 

“heads” on the first million/ten million/billion coin tosses, but the consistent reply that the following 

million/ten million/billion coin tosses could just as easily land on “tails” was of some concern, so the 

student was asked if this meant that obtaining “tails” for the following flips was more probable as a 

result.  The student’s answer was that it wasn’t.    “Because you can get the first thousand flips as 

‘heads,’ get the thousand-and-first as ‘tails,’ and then get the next TWENTY as ‘heads,’ and then the next 

ONE as ‘tails.’  The sequences keep changing up, but in the end — ‘infinitely’ — the numbers will get 

closer and closer together.  The amount of heads and tails flipped — unless it’s an unfair coin — they’ll 

get closer and closer together because it’s a fifty-fifty chance that you’ll get either one.  BUT, like I said, 

it’s still possible that you’ll get all heads in a row until whatever.  It’s POSSIBLE.  It’s very possible.  But 

it’s very odd.  You wouldn’t expect it because it seems just ‘not normal.’”  This indicates that the student 

understands the notion of “infinity” and does not confuse large values with its approximation.  She also 

does not feel the need to compromise the notions of independence and randomness in order to make 

both of the ideas presented in the question simultaneously credible. 

 It was student 3 who demonstrated the most developed and clear understanding of the notions 

in question.  She provides an answer worthy of someone with far more education in mathematics than 

she and does so with ease:  “So I did a thousand flips, I got all heads, which doesn’t fit into the law of 

large numbers, but if I did it ten thousand, a million, two million, a billion more times, it’s supposed to 

balance a lot better.  Because a thousand is nowhere close to infinite, so I’d assume that if I did it many, 

many, many, many, many more times, I’d end up with closer — maybe not PERFECT half and half — but 

I’d end up with results that were heads and tails with a plus or minus fifty percents.” —— “*W+e’re going 

to look at place value, ok?  Because clearly you need to...  [The student draws a horizontal line across the 

page and writes the number “1,000” just under it on the rightmost end, then traces vertical lines in 

between the digits that intersect the horizontal line.]  Where does infinite stop?  WAY, WAY, WAY, WAY, 

WAY, WAY that way [she draws a large arrow pointing left].  Ok?  The thousand might not DISAPPEAR, 

but it will get SWALLOWED UP.  It becomes part of — a TEENY-TINY part of — the infinite.”  The student 

never conceded that there was ANY reason for “tails” to be the more probable outcome following a 

thousand coin tosses that land on “heads,” nor did she ever feel the need for the outcomes to “balance” 

by having “tails” come up more frequently after the 1,000th coin toss.  She adhered to the proper 

interpretation of the law of large numbers and its validity. 

 The quality of the explanations offered here likely stems from the constant interaction of the 

students during the learning session.  By having them lead their own education through participation 

and analysis of situations, they could acquire the skills necessary to communicate their ideas with clarity.  
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Moreover, their self-reliance for the derivation an explanation of mathematical concepts during the 

educational intervention certainly acted as a catalyst in the sense that it has prompted the students to 

perpetually search for logical links between points of understanding. 

 

Question 6 

 

Suppose you were playing a game which required you to draw five cards at random from a standard 

deck of playing cards in order to make a hand.  If the first four cards that you draw have a red suit, 

then the fifth card has a greater probability of having a black suit.  How is this situation different from 

that in which we obtain “heads” the first four times we flip a fair coin, but the fifth coin toss is still 

equally probable of landing on either “heads” or “tails”? 

 

All four of the students correctly identified the change in probability attributed to the varying makeup of 

the deck.  The concepts of “dependence” and “independence” had not been explicitly covered in the 

learning sessions, or in any other interaction related to our study, so these words were not employed in 

the students’ explanations.  However, it is clear that the students have recognized the independence of 

the events discussed in this problem by their description of the situation’s particularities.  Student 2 

formulated a response representative of the group’s as follows:  “The first four cards are red [the 

student places an “R” over the “26” on the left and a “B” over that on the right], so then when I draw my 

fifth card, I’m looking at a deck that has twenty-two reds and twenty-six blacks still in it.  [...]  It means 

that when I am drawing out the next card, there are MORE blacks than there are reds in the deck, which 

throws off your fifty-fifty.  Because when I started off and I had twenty-six and twenty-six, so it was a 

fifty-fifty split, right?  This is not fifty-fifty [the student circles the “22” and the “26” below the broken line 

and connects them using a double-sided arrow].  So NOW it is a little bit more probable that I will pull 

out a black card than a red card, just because there are MORE of them, so it throws off my percentage of 

each.” 

 When asked if a similar phenomenon occurred when flipping coins, student 1 simply responded:  

“Every time you flip for the ‘heads’ or ‘tails,’ every single time, the probability never changes.  It’s always 

fifty-fifty, fifty-fifty.  It’s like the ball thing you were saying before.  If you put it back in, it doesn’t 

change.  If you start taking it OUT — like here you’re taking it out, you have it in your hands — then 

you’re changing the whole...  all of the numbers.  So that’s the difference.”  The student has clearly 

developed an ability to compare situations, recognize relevant ideas, and make appropriate cognitive 

connections in between situations.  This may very well be due to the nature of the learning session in 

which situations were seldom considered directly, but rather the students would be introduced to 

relevant ideas and then asked to link their knowledge of an examined situation to a novel context. 

 Student 4 illustrated that the finite nature of the deck of playing cards plays a role in the varying 

probability of drawing a red card each time “*b+ecause you’re putting a limit on that, I think it changes 
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the percentage, the probability of each turning over.  [...]  Because before we were talking about the law 

of large numbers and an infinite number will come close to fifty-fifty, right?  But this is not an infinite 

number.”   What is perhaps even more remarkable than the student’s accurate answer is her ability to 

now abstract away from the situation and consider many variations which may lead to confusion.  She 

mentioned that the probabilities of drawing a red card or a black card might be maintained at a fifty-fifty 

chance if the deck of cards were INFINITE.  This demonstrates that the student has by far improved upon 

her previous attitude that “math doesn’t make sense and the answers can’t be simple.”  She 

demonstrated an increased ability to openly reason and justify points in mathematical situations far 

more complicated than those she had difficulty navigating in the pre-test.  Moreover, she constantly 

intertwined her knowledge of the various aspects of probability theory that were covered during the 

learning session and interviews, such as the law of large numbers, typicality, independence, 

equiprobability, replacement, etc.  “Yeah, I’m just trying to think back to all of those questions.  Because 

it’s like comparing the heads and the tails and the lottery.”   This is clear evidence of the student 

constructing a truly coherent and highly schematized understanding of probability theory. 

 Once again, we are observing evidence in support of the theory that by using examples and 

situations in teaching that are not directly linked to the notions being covered, students can achieve a 

higher degree of critical, comparative thinking.  Students can build upon similarities between a situation 

they are familiar with and one that has been newly introduced or they can modify acquired concepts to 

suit a context different that those previously covered. 

 

 

5. CONCLUSION 

 

Overall, the approach to education in Probability Theory outline in this paper yielded highly encouraging 

results with regard to the four participants’ knowledge and comfort with the subject.  After the 

instructional intervention, their reasoning became more interconnected and sound, their ability to 

detect similarities and differences critical to the problem in diverse situations evolved, and their 

confidence pertaining to the reliability of Probability as it relates to the real world grew. 

These first two crucial developments aided in the cognitive growth of the individuals implicated 

in the sense that their understanding achieved higher levels of organization and reduced the cognitive 

load often associate with learning by rote.  This reduces the frequency of errors and memory lapses in 

future related situations and provides students with the mental tools necessary for success in the 

academic context.  The third point, though not related academia per se, opens the door to a universe of 

probabilistic application.  After all, if students do not have a solid grasp of the logic underlying 

probabilistic concepts, they will be disinclined to rely on it when it is of potentially crucial importance.  

And what is Probability Theory without its applicability?  Simply an abstract set of principles designed to 

test students’ ability to recite rules on cue, another meaningless rite of passage in our educational 

system.  It was P. W. Thompson (1992) who stated: “If students do not become engaged imaginistically 
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in the ways that relate mathematical reasoning to principled experience, then we have little reason to 

believe that they will come to see their worlds outside of school as in any way mathematical.” 

In short, the promise of the “reconciliation” method for teaching Probability is all but 

insignificant according to the result of this experiment.  However, further investigation into the 

plausibility of its integration into a standardized curriculum is necessary before further steps can be 

taken.  Hopefully, the potential for improvement in the field of mathematics education that was 

demonstrated by this study will act as a catalyst for a new branch of developmental research in the field. 

 

 

6. FUTURE RESEARCH 

 

This pilot study revealed an untapped potential for development in the field of lesson planning for 

Probability Theory.  The fact that the experiment included a classroom scenario instructional session 

that closely mirrors the context in which the research would ultimately be used renders its application 

all the more plausible.  In other words, since this study involved a simulation of the lesson plan in a 

classroom setting, then there is little to no adjustment to be made with regard to its design should the 

method be deemed worthy of field testing or of integration into reform.  It is this aspect of the 

experiment that will allow the results to be of a more directly relevant nature, since the ultimate goal of 

all research in mathematics education is to improve the teaching and learning of mathematics.  “One of 

the strengths of the classroom teaching methodology is that it makes it possible to address both 

pragmatic and highly theoretical issues simultaneously.  It is in this sense that the methodology enacts 

the reflexivity between theory and practice.” (Cobb, Conducting Teaching Experiments in Collaboration 

With Teachers, 2000) 

Of course, some things are more easily said than done.  Recreating the same conditions that 

were experienced during this experiment is a difficult endeavour.  If there is one aspect of classroom 

teaching that should always be anticipated, it is the fact that the lesson will not unfold as expected.  As a 

result, the effects of the same lesson plan on a different group of participants may be vastly different in 

practice.  By changing the set of students and the instructor, a distinct set of exchanges will predictably 

take place during the instructional session and the dynamics of participation and of classroom norms 

will be altered as well.  This concern is echoed by M. Simon’s (1995) observation that “the only thing 

that is predictable in teaching is that classroom activities will not go as predicted.” 

Furthermore, with only four participants in this initial experimentation, a larger sample would 

naturally be required before conclusive results can be drawn.  One logical extension of this study would 

be to examine the effects of the approach on multiple classes, thus verifying the applicability of the 

ideas presented here in a variety of contexts while collecting more data on the influence of this method 

on the quality of education.  Ideally, a control group receiving traditional instruction in Probability 
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Theory should also be evaluated in order to establish a solid basis of comparison and illustrate the true 

measure of this approach’s benefits in contrast with the standard curriculum.   

Another avenue of exploration would be to investigate this teaching method’s impact on 

learning when covering different topics in mathematics.  There is no reason to exclude other 

misconceptions from the possibility of being confronted using the “reconciliation” approach described in 

this paper.  For example, one could devise a lesson plan crafted for the purpose of minimizing students’ 

overdependence on linear or proportional reasoning in probabilistic situations as examined in Van 

Doreen, De Bock, Depaepe, Janssens, & Verschaffel’s articles “The Illusion of Linearity: Expanding the 

Evidence Towards Probabilistic Reasoning.” (2003) 
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7. APPENDIX 

 

7.1 Pre-Test 

1. What does it mean when we say that an event has probability 1/6? 

 

2. Consider the situation in which we flip a fair coin eight times and note the outcomes by H (“heads”) 

or T (“tails”).  Observe the following two sequences of outcomes: 

C. H H H H H H H H 

D. T H H T T H T H 

d) Which of the sequences of outcomes above is more probable? 

e) Which of the sequences of outcomes above is more typical? 

f) Which of the sequences of outcomes above is more likely to occur? 

 

3. Consider the situation in which we flip a fair coin six times and the first five times we tossed the 

coin, it came up “heads.” 

Which is the more probable outcome of the sixth coin toss (H or T)? 

 

4. Consider the situation in which we flip a fair coin 100 times and the first 99 times we tossed the 

coin, it came up “heads.” 

c) Which is the more probable outcome of the 100th coin toss (H or T)? 

d) How does the probability of obtaining “tails” (T) on the 100th coin toss in this context compare 

to the probability of obtaining “tails” (T) on the 6th coin toss if the first five coin tosses yielded 

“heads” (H)? 

 

5. Consider the situation in which we roll a fair die 6 times and the first 5 times we rolled 2’s 

Which is the more probable outcome of the 6th roll (1, 2, 3, 4, 5, or 6)? 

 

6. Consider the situation in which we roll a fair die 24 times and the first 23 rolls yield the following 

sequence of outcomes: 

1,3,5,4,6,2,2,3,2,4,1,6,6,1,3,4,6,2,4,5,2,3,1 

Classify the possible outcomes (1, 2, 3, 4, 5, or 6) of the 24th roll according to probability from most 

probable to least probable? 

 

7. An urn contains both red balls and white balls.  By drawing a series of balls at random from the urn, 

replacing them in the urn each time, we obtain the following outcomes: 

Of the first 4 draws, 3 balls are red and 1 ball is white. 

Of the first 18 draws, 7 balls are red and 11 balls are white. 

Of the first 60 draws, 20 balls are red and 40 balls are white. 

Based on this data, what proportion of the balls in the urn would you expect were red? 
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7.2 Learning Session 

Probability Vs. Typicality

A project on the instruction of elementary probability theory 
that allows for the reconciliation of intuition and 

mathematical soundness.

 
1 

Discussion

What do you understand probability to be?  

 
2 

Think about it...

Which is more probable to occur: 
HHH or HHT?

 
3 

Think about it...

If I flip a coin 6 times and the first 5 coin tosses 
are heads, which is the more probable outcome 
(H or T) of the 6th coin toss? 

H H H H H ?

 
4 

Reasoning Exercise

You are asked to flip a coin continuously until you 
obtain the sequence of outcomes HHHHHH.  What 
is the probability that you will flip the right first 
outcome?
Once you’ve obtained the appropriate first 
outcome, what is the probability that you will flip 
the right second outcome?
Once you’ve obtained the appropriate first and 
second outcome, what is the probability that you 
will flip the right third outcome?
Etc.

 
5 

Reasoning Exercise

You are asked to flip a coin continuously until you 
obtain the sequence of outcomes THHTHT.  What is 
the probability that you will flip the right first 
outcome?
Once you’ve obtained the appropriate first 
outcome, what is the probability that you will flip 
the right second outcome?
Once you’ve obtained the appropriate first and 
second outcome, what is the probability that you 
will flip the right third outcome?
Etc.

6 
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Reasoning Exercise

So what is more probable: flipping the sequence 
HHHHHH or the sequence THHTHT?

P(HHHHHH)=(1/2)(1/2)(1/2)(1/2)(1/2)(1/2)=1/64

P(THHTHT)=(1/2)(1/2)(1/2)(1/2)(1/2)(1/2)=1/64

7 

Activity

H T T H T H

8 

Activity
H T T H T H

H H H T H T

9 

Activity
H T T H T H

H H H T H T

H H T H T T

10 

Activity
H T T H T H

H H H T H T

H H T H T T

H H H H H H

11 

Activity
H T T H T H

H H H T H T

H H T H T T

H H H H H H

T T T T H T

12 
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Activity
H T T H T H

H H H T H T

H H T H T T

H H H H H H

T T T T H T

T T H T T H

13 

Activity
H T T H T H

H H H T H T

H H T H T T

H H H H H H

T T T T H T

T T H T T H

H T T H H H

14 

Activity
H T T H T H

H H H T H T

H H T H T T

H H H H H H

T T T T H T

T T H T T H

H T T H H H

T H T H T H

15 

Activity
H T T H T H

H H H T H T

H H T H T T

H H H H H H

T T T T H T

T T H T T H

H T T H H H

T H T H T H

H T T T H T

16 

Activity
H T T H T H

H H H T H T

H H T H T T

H H H H H H

T T T T H T

T T H T T H

H T T H H H

T H T H T H

H T T T H T

T H H H T H

17 

Activity
H T T H T H

H H H T H T

H H T H T T

H H H H H H

T T T T H T

T T H T T H

H T T H H H

T H T H T H

H T T T H T

T H H H T H

18 
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19 

Activity
H T T H H T

H H T T H T

H H T T T H

H H H H H H

T T T T T H

H T H H H T

H T T H H H

H T H T H T

H T T T H T

T T H H T H

20 

Activity
H T T H H T

H H T T H T

H H T T T H

H H H H H H

T T T T T H

H T H H H T

H T T H H H

H T H T H T

H T T T H T

T T H H T H

21 

Activity
H T T H T H

H H H T H T

H H T H T T

H H H H H H

T T T T H T

T T H T T H

H T T H H H

T H T H T H

H T T T H T

T H H H T H

22 

Exploration

How many different outcomes could result from 
flipping a coin 6 times which would result in

A) 0 heads, 6 tails?

B) 1 head, 5 tails?

C) 2 heads, 4 tails?

D) 3 heads, 3 tails?

E) 4 heads, 2 tails?

F) 5 heads, 1 tail?

G) 6 heads, 0 tails?

23 

0 heads, 6 tails

TTTTTT

1 WAY

24 
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1 head, 5 tails

HTTTTT
THTTTT
TTHTTT
TTTHTT
TTTTHT
TTTTTH 6 WAYS

25 

2 heads, 4 tails

HHTTTT
HTHTTT
HTTHTT
HTTTHT
HTTTTH
THHTTT
THTHTT
THTTHT
THTTTH

TTHHTT
TTHTHT
TTHTTH
TTTHHT
TTTHTH
TTTTHH

15 WAYS

26 

3 heads, 3 tails

HHHTTT
HHTHTT
HHTTHT
HHTTTH
HTHHTT
HTHTHT
HTHTTH

HTTHHT
HTTHTH
HTTTHH
THHHTT
THHTHT
THHTTH
THTHHT

THTHTH
THTTHH
TTHHHT
TTHHTH
TTHTHH
TTTHHH

20 WAYS

27 

4 heads, 2 tails

TTHHHH
THTHHH
THHTHH
THHHTH
THHHHT
HTTHHH
HTHTHH
HTHHTH
HTHHHT

HHTTHH
HHTHTH
HHTHHT
HHHTTH
HHHTHT
HHHHTT

15 WAYS

28 

5 heads, 1 tail

THHHHH
HTHHHH
HHTHHH
HHHTHH
HHHHTH
HHHHHT 6 WAYS

29 

6 heads, 0 tails

HHHHHH

1 WAY

30 
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33 

Consider this...

Suppose I have a bag containing 4 red jelly 
beans.  What is the proportion of the bag’s jelly 
beans that are red?

34 

Consider this...

Now suppose that I add 100 more jelly beans 
(half red, half green) to the bag.  What 
proportion of jelly beans are red now?

RED JELLY BEANS ADDED

TOTAL NUMBER OF JELLY BEANS ADDED

35 

Consider this...

What I had added 10,000 more jelly beans (half 
red, half green) to the bag.  What proportion of 
jelly beans would be red in this case?

RED JELLY BEANS ADDED

TOTAL NUMBER OF JELLY BEANS ADDED

36 
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Consider this...

But suppose I start with a bag containing 
400,000 red jelly beans.  What is the proportion 
of the bag’s jelly beans that are red?

37 

Consider this...

Now suppose that I add 24,000,000 more jelly 
beans (half red, half green) to the bag.  What 
proportion of jelly beans are red now?

RED JELLY BEANS ADDED

TOTAL NUMBER OF JELLY BEANS ADDED

38 

Consider this...

What if I had added 1,000,000,000 more jelly 
beans (half red, half green) to the bag.  What 
proportion of jelly beans are red now?

RED JELLY BEANS ADDED

TOTAL NUMBER OF JELLY BEANS ADDED

39 

Consider this...

Suppose we started with 100,000,000,000,000 
red jelly beans.  Is it possible to add enough jelly 
beans that are half red and half green so that 
the proportion of red jelly beans is 

a) between 0.4 and 0.6?

b) between 0.49 and 0.51?

c) between 0.4999 and 0.5001?

Would this be possible when starting with any 
number of red jelly beans?

40 

The ParadoxSo if I flip a coin 
100 times and it 

yields H every 
time, I am still 

equally likely to 
obtain H or T on 

the 101st coin 
toss...

...But the law of 
large numbers 

(LLN) tells me that 
if I flip a coin 

infinitely many 
times, then 

approximately 
half of  those coin 
tosses will yield H 
and half will yield 

T because the 
probability of 

obtaining H and 
that of obtaining T 
on any given coin 

toss is ½.

41 

Experiment

Which is more probable to occur: 
HHH or HHT?

Flip a coin continuously, noting the outcomes of 
each coin toss (H or T) until you obtain either the 
HHH or HHT pattern.

Start the experiment over again as long as time 
allows, taking note each time of which pattern of 
outcomes (HHH or HHT) occurs.

42 
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Debate

If I flip a coin 6 times and the first 5 coin tosses 
are heads, which is the more probable outcome 
(H or T) of the 6th coin toss? 

H H H H H ?

43 

 

 

 

7.3 Post-Test 

1.  A fair coin is flipped eight times in a row.  Consider the possible outcomes of this experiment 

below: 

F. The sequence HHHHHHHH is obtained. 

G. The sequence obtained contains both H’s and T’s. 

H. The sequence obtained contains exactly four H’s and four T’s. 

I. The sequence HHTTTHHT is obtained. 

J. The sequence contains at least one T. 

c) Classify the outcomes listed above according to probability from most probable to least 

probable. 

d) Classify the outcomes listed above according to probability from most typical to least typical. 

 

2. An urn contains both red balls and white balls.  By drawing a series of balls at random from the urn, 

replacing them in the urn each time, we obtain the following outcomes: 

Of the first 8 draws, 3 balls are red and 5 ball is white. 

Of the first 30 draws, 16 balls are red and 14 balls are white. 

Of the first 100 draws, 60 balls are red and 40 balls are white. 

Based on this data, what proportion of the balls in the urn would you expect were red? 

 

3. Tanya and Mary both play the Lucky Stars lottery every week (6 winning numbers between 1 and 49 

are drawn at random with replacement).  Tanya always plays the same numbers: 6, 12, 15, 29, 33, 

and 38.  Mary always plays the numbers 1, 2, 3, 4, 5, and 6.  Tanya stated that his numbers were 

much more probable of being drawn than Mary’s.  Mary then replied that his numbers had the 

same probability of winning as Tanya’s numbers.  

c) Who is right?  Explain your answer. 

d) Why would the misconception in play be so widespread? 
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4. Mark and Jim both play the 6/49 lottery every week (6 winning numbers between 1 and 49 are 

drawn at random without replacement).  Mark always plays the same numbers: 6, 12, 15, 29, 33, 

and 38.  Jim always plays the numbers 1, 2, 3, 4, 5, and 6.  Mark stated that his numbers were much 

more probable of being drawn than Jim’s.  Jim then replied that his numbers had the same 

probability of winning as Mark’s numbers.  

c) Who is right?  Explain your answer. 

d) Why would the misconception in play be so widespread? 

 

5. How can we assign any credibility to the law of large numbers if we claim that the probability of 

obtaining “heads” on a coin toss is still ½, even if the last 1,000 coin tosses all turned up “heads” as 

well?  In other words, how is it possible that both of these ideas are accurate? 

Recall:  The law of large numbers pertains to the idea that if we repeat an experiment infinitely 

many times, then the proportion of times each outcome appears will reflect its probability of 

occurring in any given trial. 

 

6. Suppose you were playing a game which required you to draw five cards at random from a standard 

deck of playing cards in order to make a hand.  If the first four cards that you draw have a red suit, 

then the fifth card has a greater probability of having a black suit.  How is this situation different 

from that in which we obtain “heads” the first four times we flip a fair coin, but the fifth coin toss is 

still equally probable of landing on either “heads” or “tails”? 

 

 

 

 

 

 

  



46 
 

WORKS CITED 

Batanero, C., & Serrano, L. (1999). The Meaning of Randomness for Secondary School Students. Journal 

for Research in Mathematics Education , 30 (5), 558-567. 

Brousseau, G., Brousseau, N., & Warfield, V. (2002). An Experiment on the Teaching of Statistics and 

Probability. Journal of Mathematical Behavior , 20, 363-411. 

Chevallard, Y. (1999). L'analyse des pratiques enseignantes en théorie anthropologique du didactique. 

Recherches en didactiques des mathématiques , 19 (2), 221-266. 

Chevallard, Y. (1999). L'analyse des pratiques enseignantes en théorie anthropologique du didactique. 

Recherches en didactiques des Mathématiques , 19 (2), 221-266. 

Chevallard, Y. (2002). Organiser l'étude. 1. Structures et fonctions. In J.-L. Dorier, M. Artaud, M. Artigue, 

R. Berthelot, & R. Floris (Eds.), Actes de la 11e école d'été de didactique des mathématiques (pp. 3-22). 

Grenoble: La Pensée Sauvage. 

Chevallard, Y., & Wozniak, F. (2010). Un cas d'infrastructure manquante: statistiques et probabilités en 

classe de troisième. 3rd International Conference on the Anthropological Theory of the Didactic, (pp. 

135-150). Sant-Hilari Sacalm, Catalonia, Spain. 

Cobb, P. (2000). Conducting Teaching Experiments in Collaboration With Teachers. In E. Kelly, & R. A. 

Lesh (Eds.), Handbook of Research Design in Mathematics and Science Education (pp. 307-334). 

Mahwah, NJ: Erlbaum. 

Cobb, P., & Bauersfeld, H. (1995). The Emergence of Mathematical Meaning: Interaction in Classroom 

Cultures. Hillsdale, NJ: Erlbaum. 

Fast, G. R. (1999). Analogies and Reconstruction of Probability Knowledge. School Science and 

Mathematics , 99, 230-240. 

Fischbein, E. (1975). The Intuitive Sources of Probabilistic Thinking in Children. Dordrecht: D. Reidel 

Publishing Company. 

Fischbein, E., & Schnarch, D. (1997). The Evolution With Age of Probabilistic Intuitively Based 

Misconceptions. Journal for Research in Mathematics Education , 28 (1), 96-105. 

Goldin, G. A. (1997). Observing Mathematical Problem Solving Through Task-Based Interviews. Journal 

for Research in Mathematics Education , 40-177. 

Greer, B. (2001). Understanding Probabilistic Thinking: The Legacy of Efraim Fischbein. Educational 

Studies in Mathematics , 45, 15-33. 



47 
 

Jones, G. A., Langrall, C. W., & Mooney, E. S. (2007). Research in Probability: Responding to Classroom 

Realities. In Second Handbook of Research on Mathematics Teaching and Learning (pp. 909-955). Frank 

K. Lester, Jr. (Ed.). 

Konold, C. (1989). Informal Conceptions of Probability. Cognition and Instruction , 6 (1), 59-98. 

Konold, C. (1995). Issues in Assessing Conceptual Understanding in Probability and Statistics. Retrieved 

April 4, 2010, from Journal of Statistics Education: 

http://www.amstat.org/publications/jse/v3n1/konold.html#konold1 

Konold, C. (1991). Understanding Students' Beliefs About Probability. In Radical Constructivism in 

Mathematics Education (pp. 139-156). Glasersfeld, Amsterdam: Kluwer. 

Kvatinsky, T., & Even, R. (2002). Framework for Teacher Knowledge and Understanding of Probability. 

The Sixth International Conference on the Teaching of Statistics. Hawtborn, VIC, Australia: International 

Statistical Institute. 

Maltin, M. W. (2009). Cognition (7th Edition ed.). Hoboken, NJ: John Wiley & Sons Inc. 

Piaget, J., & Inhelder, B. (1975). The Origin of the Idea of Chance in Students. (L. L. Jr., P. Burrell, & H. D. 

Fischbein, Trans.) New York: Norton. 

Piatelli-Palmarini, M. (1994). Inevitable Illusions: How Mistakes of Reason Rule Our Minds. New York: 

John Wiley & Sons, Inc. 

Simon, M. A. (1995). Reconstructing Mathematics Pedagogy from a Constructivist Perspective. Journal 

for Research in Mathematics Education , 26 (2), 114-145. 

Steinbring, H. (1991). The Concept of Chance in Everyday Teaching: Aspects of a Social Epistemology of 

Mathematical Knowledge. Educational Studies in Mathematics , 503-522. 

Streefland, L. (1991). Fractions in Realistic Mathematics Education: A Paradigm of Developmental 

Research. Dordrecht: Kluwer Academic Publishers. 

Thompson, P. W. (1992). Notations, Conventions, and Constraints: Contributions to Effective Uses of 

Concrete Materials in Elementary Mathematics. Journal for Research in Mathematics Education , 23 (2), 

123-147. 

Treffers, A. (1987). Three Dimensions. A model of goal and theory description in mathematics instruction. 

The Wiskobas project. Dordrecht: Kluwer Academic Publishers. 

Tversky, A., & Kahneman, D. (1972). Subjective Probability: A Judgment of Representativeness. Cognitive 

Psychology , 3 (3), 430-454. 

Tversky, A., & Kahneman, D. (1971). The Belief in the Law of Small Numbers. Psychological Bulletin , 76 

(2), 105-110. 



48 
 

Van Doreen, W., De Bock, D., Depaepe, F., Janssens, D., & Verschaffel, L. (2003). The Illusion of Linearity: 

Expanding the Evidence Towards Probabilistic Reasoning. Educational Studies in Methematics , 113-138. 

 

 


